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Outline

The second part of the course contains some particular optimal stopping
problems related to mathematical finance.

The questions we consider concern problems of portfolio re-balancing
and choosing optimal moments of time to sell (or buy) stock.

Problems of this type play the central role in
the technical analysis of financial markets,

the field, which is much less theoretically developed in comparison with
the two other analyses: the fundamental and the quantitative ones.

Most of the methods in the technical analysis are based on empirical
evidence of “rules of thumb”, while we will try to present a mathematical
foundation for them.
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The contents of this part of the course

1. Overview of general facts from the optimal stopping theory

2. Stopping a Brownian motion at its maximum
Peskir, Shiryaev. Optimal stopping and free-boundary problems, 2006; sec. 30
3. Trading rule “Buy and hold”
Shiryaev, Xu, Zhou. Thou shalt buy and hold, 2008
4. Sequential hypothesis testing
Shiryaev. Optimal stopping rules, 2007; ch. 4
5. Sequential parameters estimation
Cetin, Novikov, Shiryaev. LSE preprint, 2012
6. Quickest disorder detection

Shiryaev. Optimal stopping rules, 2000; ch. IV
Shiryaev. Quickest detection problems: 50 years later, 2010
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1. General optimal stopping theory

Formulation of an optimal stopping problem

Let (92, Z, (Z¢)i>0, P) be a filtered probability space and a G = (G4)¢>0
be a stochastic process on it, where Gy is interpreted as the gain if the
observation is stopped at time .

For a given time horizon T € [0, 00|, denote by My the class of all
stopping times 7 of the filtration (%), (i.e. random variables 0 < 7 < 7,
which are finite a.s. and {w : 7(w) < t} € F for all t > 0).

The optimal stopping problem

V = sup EG:
TEM

consists in finding the quantity V' and a stopping time 7% € 9 at
which the supremum is attained (if such 7* exists).
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If G is F;-measurable for each t > 0, we say that the optimal stopping
problem V' is a standard problem.

If G; is not #;-measurable, we say that the optimal stopping problem
V' is a non-standard problem.

The general optimal stopping theory is well-developed for standard
problems. So, non-standard problems are typically solved by a reduction
to standard ones.
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There are two main approaches to solve standard OS problems:

e Martingale approach operates with .%;-measurable functions G; and
is based on
a) The method of backward induction (for the case of discrete time
and a finite horizon)
b) The method of essential supremum

e Markovian approach assumes that functions G; have the Markovian
representation, i.e. there exists a strong Markov process X; such that

Gt(w) = G(t7 Xt(w))

with some measurable functions G(¢,x), where x € E and E is a
phase space of X.
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The method of backward induction

Suppose we have a filtered probability space (2, .#, (%, )n<n, P), where
F9C F C...C Fn CZ, and a random sequence Gy, G1,...,GN,
such that (for simplicity)

E|G,| < oo for each n =0,1,...,N.
Consider the problem

V = sup EG,,
TEMN

where here My is the class of integer-valued stopping times 7 < V.
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To solve this problem we introduce (by backward induction) a special
stochastic sequence Sy, Sy_1,--.,50:

Sy =G, Sy, = max{Gp, E(Sn+1 | #n)},

which represents the maximum gain that is possible to obtain starting
at time n:

e If n = N, we have to stop and our gain is Sy = Gx.

e If n < N, we can either stop or continue. If we stop, our gain is G,
and if we continue our gain is E(Sy+1 | %y).

This reasoning suggests to consider the following candidate for the op-
timal stopping time:

7 =1inf{k < N : S; = G},

i.e. to stop as soon as the maximum gain we can receive does not
exceed the immediate gain.
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The main properties of the method of backward induction are given by
the following theorem.

Theorem. The stopping time 7 and the sequence (S,,),<n satisfy the
properties

(a) 7 is an optimal stopping time;

(b) if 7* is also optimal, then 7V < 7* a.s;

(c) the sequence (Sy,)n<n is the smallest supermartingale which dom-
inates (Gp)n<n;

(d) the stopped sequence (S,a7)n<n is @ martingale.
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The method of essential supremum

This method extends the method of backward induction. Here, we
consider only a continuous-time problem

VI = sup EG,.
t<r<T

We make the following assumptions:
1. (Gt)¢>0 is right-continuous and left-continuous over stopping time
(if 7, 1 7 then G, — G ass.);

2. E sup |Gy < oo (where Goo =0 if T' = 00).
0<t<T
Consider the Snell’s envelope S = (S;);>0 of the process G,

S; = esssup E(G, | %),

>t

and define the Markov time
Tt =inf{u >t:8S, =Gy}, where inf () := oo.
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Theorem If assumptions 1-2 above hold, and P(7; < o) for any t > 0,
then

(a) 7 is an optimal stopping time for V;
(b) if 7 is also optimal for V;, then 7, < 7 a.s,;

(c) the process (Sy)u>t is the smallest right-continuous supermartin-
gale which dominates (Gy)y>t;

(d) the stopped process (Syaz )ust is a right-continuous martingale;

(e) if P(7; = 00) > 0 then there is no optimal stopping time for V.
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Markovian approach

Let (X¢)i>0 be a homogeneous strong Markov process on a probability
space

(@, 7,Pa),

where z € E (= R%), P,(Xo =) =1, and = + P,(A) is measurable
for each A € Z.

Consider an optimal stopping problem in the Markovian setting:

V(x) = sup E,G(X,), x ek,
TEM

where 91 is the class of stopping times (finite P -a.s for each x € E)
of the filtration (#X)i0, FX = 0(Xs;5 < ).

G(z) is called the gain function, V(z) is called the value function.

For simplicity, we assume that E; sup |G(X¢)| < oo for each z € E.
0

=
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Introduce the two sets:

continuation set C = {z € E: V(z) > G(x)},
stopping set D = {z € E: V(z) = G(x)}.

It turns out that under rather general conditions the optimal stopping
time in problem V'(z) is the first entry time to the stopping set:

mp=inf{t > 0: X; € D}

(Tp is a Markov time if X is right-continuous and D is closed).

Sufficient and necessary conditions for this fact can be found in the
first part of the course and in the book Optimal Stopping and Free-
boundary Problems by Peskir, Shiryaev (2006).

Remark. The case of a finite time horizon or a non-homogeneous pro-
cess X can be reduced to the above case by increasing the dimension
of the problem and considering the process (¢, X).
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In fact, for a homogeneous Markovian optimal stopping problems with
the infinite time horizon it is often easier

to “guess” a candidate solution
and then to verify that it is indeed a solution.

The basic idea is that V(z) and C (or D) should solve the free-
boundary problem

2LxV <0,
V-G (V>GinCandV =G in D),

where ZLx is the characteristic (infinitesimal) operator of X .
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If X is a diffusion process, G is sufficiently smooth in a neighborhood
of C, and OC is "nice”, then the above system of inequalities splits
into the conditions

ZxV =0inC
V=GinD

o
ox

e

= — (smooth fit)
oc Oz

ocC

If X is a homogeneous 1-dimensional process, usually it is possible to
find the solution (V' and OC) of this system explicitly, and then to
verify that it is also a solution of the optimal stopping problem.

The verification is typically based on some manipulations with the [t
formula — the general idea will become clear when we consider specific
problems below.
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Extension: integral functionals and discounting

Suppose, as above, that X; is a homogeneous strong Markov process
and consider a more general optimal stopping problem:

V(z) = sup E, {eATG(XT) —i—/ e)‘SL(XS)ds] ,
TEM 0

where L(x) is a function, and the discounting process \ = (\;);>0 is
given by

t
)\t:/ A(X,)ds,
0

with some function A(z): £ — R..

If the functions G, L, X are “nice”, we obtain the following modification
of the condition on V' in C (in addition to the condition V' = G in D
and the smooth fit condition):

ZLxV(x) — MNz)V(x) = —=L(z) in C.
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2. Stopping a Brownian motion at its maximum

Let B = (B¢)1>0 be a standard Brownian motion on a probability space
(Q,.#,P). Define the Brownian motion B* = (B.');>o with drift x and
its running maximum S* = (S}");>¢:

Bl' = put + By, St = sup BY.

0<s<t

Let 6 be the (P-a.s. unique) time at which the maximum of B* on
0,1] is attained (i.e. By = SY').

We consider the following optimal stopping problem:
VF = inf E|r —0|,
TEM

where 915 is the class of all stopping times 7 < 1 of the process B*.
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Financial interpretation

Suppose the price of stock is described by a geometric Brownian motion:

dXy = pXydt + 0 XydB; <= Xy = Xoexp((u— )t +0By)

If one holds the stock at time ¢ = 0 and wants to sell it until time ¢ =1
then it would be the best to sell it at the time 6, when X attains its
maximum on [0, 1].

However
0 is not a stopping time,
so it is impossible to sell the stock at the time 6.

Thus, it is natural to consider the problem V# of finding a stopping
time, which is as close as possible to 6.

(X attains its maximum when B¥ = log X attains its maximum).
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Another approach could be to consider expected utility maximization:
EU(S;) — max over 7 € My,

where U(x) is some utility function.

For example, for Uy (z) = %, a € (0, 1], or Up(z) = log(z) we have
o 7 =0if u < (1—a)a?/2 (in this case S{ is a supermartingale)
o =T if u>(1—a)o?/2 (S¢ is a submartingale)

However, the choice of a utility function is subjective; often it is not
clear why we should prefer one utility function over another.

In contrast, the criterion E|7 — | — min has a clear interpretation.
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Solution of the problem V°

First we consider the case of a Brownian motion without drift (1 = 0),
as the case p # 0 is considerably more difficult.

VO = inf E|r —4|,
TEM

0 = arg max B;.
0<s<1

Observe that the optimal stopping problem V' is non-standard accord-
ing to our terminology (because € is not measurable w.r.t .%;). Thus,

our first step will be to reduce it to a standard problem.
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The main result about the solution of the problem V' is as follows.

Theorem. The value VO is given by the formula
VO =28(z)-1=0.73...
where z, = 1.12... is the unique root of the equation
49(z) — 2zp(z) — 3 =0.
The following stopping time is optimal:

T =Inf{0<t<1: S — By 2 z.vV1 — t}
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Proof of the theorem

Step 1. First we reduce the problem V' to a standard optimal stopping
problem by showing that for any stopping time 7 € 911 we have

E|T—9|:EUOTF<‘%>M]+;, (*)
where F(z) = 4®(z) — 3.

Indeed, observe that

T=0l=(r-0)t+(r-0)"=FT-0)T+0-71N0

:/ I(0 <t)dt+ 6 — / (0 >t)d
0

:9+/0T(21( t) —1)dt
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Setting m = P(6 < t | #P) and taking E of the both sides of the

previous equation we get
-
mT—e_E9+E/(ﬂw<w—4mt
0

+E/'@m9<uﬁfy4ﬂu<ﬂﬁ
0

N~ N~

+E/ (2m, — 1)dt.
0

By stationary and independent increments of B we get

m = P(S, > max B, | ) =P(S; — B; > max B, — B, | #)
t<s<1

t<s<1

S; — B
= P(Z — T 2 Sl_t)‘zistw:Bt: 20 < \}ﬁ) !

Inserting this into the above formula, we get ().
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Step 2. To solve the optimal stopping problem

. T St — Bt 1
V= inf E F dt| + =
e[ G
we first note that the filtrations of the processes S — B and B coincide,
so we need to consider only stopping times 7 of S — B.

According to the Lévy’s distributional theorem,
Law(S — B) = Law(|B|),
so we get an equivalent problem

i T | By| 1
=infE F —
1% ;1%1 [/0 < T dt| + X

where the supremum is taken over stopping times 7 < 1 of B.
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Step 3. To solve the above problem, we make use of a deterministic
change of time.

Introduce the process Z = (Z;)1>0 by
Zy = e'By_ .
By 1t6’'s formula we find that Z solves the SDE
dZ; = zdt + V2dB;,
where the process 3 = (¢)o<t<1 is given by

1/t 1 [l g
= — eSdB _e—2s = —= dB,s
/Bt \/5/0 1 2 \/5/0 /1= s

Observe that 3 is a continuous Gaussian martingale with zero mean and
variance equal to ¢, so according to Lévy’s characterization theorem,

3 is a standard Brownian motion.
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Next we pass from the old time ¢ to the new time s by the formula
t=1-—e% = s=1log(1/v/1—1)

and we get

or 1
V=2inf E TEF(1Z])ds | + =
[ e
where o, = log(1/y/1 —7) and o, is a stopping time w.r.t (ZZ)s>0.

Thus, we need to solve the Markovian optimal stopping problem

W= inf E [/ e_QSF(]Zs])ds}
0

>0
for the diffusion process Z, which has the infinitesimal generator

d d?
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Step 4. Following the general theory, introduce the value function

W(z) = inf E, UOG 62SF(|Zs|)d8} .

>0

The function F(z) = 4®(z) — 3 is increasing for z > 0, which allows us
to guess that the optimal stopping time ¢* should be of the form

o =inf{t > 0:|Z| > 2z},
where z, > 0 is a constant to be found.
In order to find z, we formulate the associated free-boundary problem:

(L7 —2)W,(z) = —F(|z]) for z € (—zx, 24),
Wi(£z4) =0 (instantaneous stopping)
W, (£z) =0 (smooth fit).
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Inserting .27, the first equation transforms to
W/ (2) + 2W.(z) — 2Wi(2) = —F(2) for 2 € (—zx, 24).
The general solution of this equation is
Wi(2) = Ci(1+2°) + Ca(zp(@) + (1 + 2%)@(2)) +28(2) — 3.

From the formulation of the optimal stopping problem, it is clear that
W, should be an even function, and hence W/(0) = 0.

Using the conditions Wi (z.) = W/(2.) = W.(0) = 0 we find C; =
®(z,), Cy = —1 and z, is the unique root of the equation

4®(z) — 2zp(z) —3 =0.

Consequently,
Wi(z) = ®(2) (1 + 22) + —z(z) + (1 — 22)®(2)) — 3, 2 € [0, 2]
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Step 5. Now we need to verify that the solution W, (z) of the free-
boundary problem is equal to the value function W (z).

Observe that W,(z) is C? everywhere except at £z, where it is C*. By
the It6—Tanaka—Meyer formula we find

e W (Zy) = Wi(Zo) + /Ot e (LW (Zs) — 2Wo(Z,))ds

. (**)

+\/§/ e~ W(Z,)d}s.
0

Using that ZzW.(z) — 2W,(2) = —F(|z|) for z € (—z,24), and
LyWi(z) —2Wi(2) =0 > —F(|z]) for z & (—z4, 24), we get

t
e 2 W (Zy) = Wi(Zo) —/ e 2°F(|Zy|)ds + Mart,.
0

Since W,(z) < 0 for all z, applying the optional sampling theorem under
P., we get that W,.(z) < W (z) for all z.
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Analyzing (xx) we also find that
O x
0= W.(Z) — / e 2 F(|Z,|)ds + Mart,, .
0

Taking the expectation E., we get W,.(z) > W(z), which implies
W, (z) = W(z) and completes the proof of the claim.

Transforming o, back to the initial problem, we see that 7, is the optimal
stopping time for V.
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Distributional properties of T,

Using that Law(S — B) = Law(|B]), we see that 7* is distributed as
the stopping time

T=inf{t > 0:|B;| = z.v/1 —t}.
This implies
Er. = Ef = EBZ = 22(1 - E7) = 2%(1 — Er.).
Solving this equation for E7, we find
Er. =22/(1+22) =0.55...
Similarly, using that (B} — 6tB? 4 4t%) is a martingale, we find

Er2 22,
T, =

—0.36... and Varr, =0.05...
T 1+ 22)2(3 + 622 + 24 and . varr
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A related problem: minimizing the distance “in space”
It is remarkable that the optimal stopping time 7, which minimizes the
distance in time E|7 — 6| also minimizes the distance in space:

E(B,, —51)* = inf B(B; — S1)2, (k)

where S; = max B;.
<t

BN
To prove (***), observe that S is a square-integrable functional of the
Brownian path on [0,1]. By the It6-Clark representation theorem,
there exists a unique .%#;”-adapted process H = (H;);<1 such that

1 1
S; =ES, +/ H.dB;,  and E/ HEdt < oc.
0 0

Moreover, the following explicit formula is valid

(0 (52))
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Define the square-integrable martingale M = (M;)¢>1:

M, = /t HydB;.
0
By the martingale property and the optional sampling theorem, obtain
E(B, — S1)® = EB? — 2E(B, M) + ES?
— Br— 9E(B,M,)+1—=F (/OT@ - 2Ht)dt) +1

for each 7 € <M.

Using the explicit formula for H; we find

. . T (S —B 1
f E(B,—5S1)?= inf E / F dt| +1=V + =,
nf B(Br—51)" = inf [ (ﬁ_t> ]+ 3

hence the optimal stopping times in the both problems coincide.
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Remark 1: on Levy’s theorem and its generalization

The Levy’s theorem for a Brownian motion B = (B;);>0 states that
(sup B ~ B, sup B) =" (|B|, L(B)).

where L(B) = (L¢(B))s>o is the local time of B at zero:
1 t
L(B) = lim2/ I(|Bs| < e)ds, t=0, (lim exists a.s.)
0

Graversen & Shiryaev (2000) showed that the following generalisation
holds for a Brownian motion with drift B*
(sup B* — BY, sup B*) "= (|X*|, L(X")),
where X# = (X!");>0 is the bang-bang process
dX!' = —psgn X}'dt + dB, X =0,

and L(X*") is defined in the same way as L(B).
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Remark 2: on the I1t6-Clark theorem for B*

Let B be a standard Brownian motion, and .# = o(By;t < 1). Sup-
pose & is an ﬁlB—measurable square-integrable random variable.

The 1t6-Clark theorem states that there exists a unique predictable
process H = (Hy);<1 such that Efo1 H?2ds < oo and

1
¢ = E§+/ H,dB,.
0

In general, it is very difficult to find the process H explicitly.

However, let us show that for £ = S = max B!' we have

S

Hﬁ:l_q)((sf—Bf)—u(l—t))

V31—t
n_ pe
2u(S!~B) g —(5; — By) —p(1 — t))
+e < T3
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1°. Using that B* has stationary independent increments, we get

B(SI | 70 = S+ B[ (swp B - sp) " | 7]

t<s<1

_l’_
— S} + B[ (sup (BX — B) — (S!'~ BY)) | 7]
t<s<1
= S{' + E(S{_y — (2 = 2) | _gp ,pp-

Using the formula E(X — ¢)™ = [T P(z > z)dz, we get
BSY | ) =St + [ (1= Pl (:))do i (5B S,
St _Bt

where FI' (2) = P(S]", < 2).
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2°. Applying the 1t formula to the right-hand side of the previous equa-
tion and using that the left-hand side defines a continuous martingale,
we get

t
E(S! | ) = ESY + / O (s Br, S¥)aB,
0 al’
t
=S} + [ (1 L, (SY — BY))dB,
0

as a nontrivial continuous martingale cannot have paths of bounded
variation.

3°. Finally, we use the well-known formula
Fi'y(2) == P(S]_, < 2)
- & Z_N(l_t) _€2uz(p _Z_N(l_t)>.
V11—t v1i—t
which gives the sought-for representation for H*.
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The case u # 0

We consider only the problem of minimizing the distance in space:

VH = inf E(B! - SI"?,
TEM

where
Bl = ut + By, Sy = max BY.

S

The problem is not standard, so first we reduce it to a standard one.
Lemma. For any T € My the following identity holds:
o
B[St - BYP | #8) = (S - B4z [ a0 - B ()
St _pk

where

Y (2) =P(S',<2) = <Z\/“1(71_tt)> — 25D (Z\/{‘%t)) .
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The process S} — BL' is Markov, and in order to apply the general theory
we let it start from an arbitrary point (¢,z) by introducing the process

X, =aVv Sl —DBY
Then we get the Markovian optimal stopping problem

V(t,z) = inf tEt,mG(t + 7, X5 ),

0<r<1—

where G is given by

G(t,z) = 2% + 2/ zR(t, z)dz, R(t,z) =1—Fl" ,(2).

T

There is no closed-form analytical solution of this problem. However, the
optimal stopping boundaries can be found numerically from a system of
integral equation. For details, see Peskir, Shiryaev, Optimal Stopping
and Free-Boundary problems, sec. 30.
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In fact, for u > 0 the optimal stopping time is given by
™ =inf{0 <t < T: S = Bl' € [bi(t),b2(t)]}
and for 1 < 0 the optimal stopping time is given by
T =mf{0<t<T:S'=B'>b:(t)},

where by (t) and ba(t) are some functions (dependent on p) that can be
found by solving a system of non-linear integral equations.

Next we present the qualitative structure of the stopping and the con-
tinuation sets.
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Figure VIILG: [ The “black-hole™ effect.] A computer drawing aof the opti-
mal stopping boundaries By oand s when go= 0 B away from 0.
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Figure VIILT: A computer drawing of the optimal stopping boundaries
Byoand By when g =00 & elose to 0.
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Figure VIILE: A computer drawing of the optimal stopping boundary 5y
when g < 0 s close to 0.
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Figure VIIL®: [(The “homp” afoct.] A computer drawing of the optimal
stopping boundary &y when g < 00 is away fram 0.
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3. Trading rule “Buy and Hold”

In this section we consider another optimality criterion when one wants
to sell stock until a time T' > 0.

Suppose the (discounted) stock price is described by a geometric Brow-
nian motion

dX; = aX;dt + 0 X;dB; <= X; = Xoexp((a — G)t + o By).

and put
M; = sup X;.

s<t
We consider the following optimal stopping problem:

X,
W = sup E—,
TEM MT

which means that a trader wants to maximize the average percentage
of the maximum possible gain.
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This problem is particularly interesting, because it is equivalent to the
maximization of the relative error between the selling price and the
maximum price:
Mpr—-X
E |: T T
Mr

As it was noted in the previous section, criteria of this type have clear
meaning, unlike the standard approach of maximizing expected utility.

:| — max.
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A simpler case: maximizing the logarithmic rate

Before we proceed to the solution of the above problem, let us consider

a simpler problem
X
R = sup E[log( Tﬂ .
TEMr Mr

R = sup E[(a —0?/2)T + 0B, — log Mr]
TEDﬁT

Clearly,

and the optimal stopping time is given by

T, a>o?/2,
" = Qany timein [0,T], a=02/2,
0, a<o?/2,

where we use that EB; = 0, and EMp does not depend on 7.
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It will be convenient to introduce the goodness index of the stock

ae @
o?’
Then the optimal stopping time is
T, a>1/2
7" = ¢any time in [0,7], «a=1/2,
0, a<1/2.

Remark. In the undiscounted case, the goodness index is given by

a—r
a= .

2

g

where @ is the drift coefficient of the undiscounted price, and r is the

discounting rate.
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Solution of the main problem

Remarkably, the same deterministic stopping time is optimal in the
original problem

W = sup E[

XT]
)
TEmT

Mr

Theorem. 1) If o < 0, then 7* = 0 is the unique optimal stopping
time for W and the optimal relative error is given by

Wia,o)=1— 22(2:1)@[—(0( —1/2)0VT]

200 =3 (1_a)02
5= 1)e<1 7 Td (o - 3/2)0VT].
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Theorem (cont.). 2) If & > 1/2 then 7" =T is the unique optimal
stopping time for W when o« > 1/2, and both 7* =0 and 7* =T are
optimal when o = 1/2. The optimal relative error is given by

Wiao)=1-(1- zi)q>[(a —1/2)0VT]

(67

1
- (1 + Q—)erTﬂb [—(a+1/2)0VT].
o
Moreover, W(a, o) decreases in o and increases in o and

1
0< W(a,0) < Q—for any a > 1/2, 0 > 0.
«

Remark. As in the original paper by Shiryaev, Xu, Zhou, we omit the
case « € (0,1/2), which can be solved by the PDE approach, in favor
of the probabilistic approach that will be used.

The answer for the case o < 1/2is 7* = 0.
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Discussion of the result

1. When the stock goodness index o« > 1/2, one should hold on to the
stock, i.e. the stock is good one. The better the stock (as measured
by ) the smaller the relative error.

In particular, the error diminishes to zero when a@ — o0, so the buy-
and-hold rule almost realizes selling at the maximum price if the stock
is sufficiently good.

2. If & < 1/2, one should sell the stock immediately. This is bad stock
the investor ought to get rid of as soon as possible.

3. The buy-and-hold rule is insensitive to the stock parameters as the
definition of good and bad stocks involves a range of the parameters,
instead of specific values for them.
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Proof of the theorem
Using the self-similarity property of B, we can assume g = 1.

Observe that

eBr
W = SupE S”] s
<T e-r
where
Bl = ut + By, St = sup BY, where = a — 0%/2.
s<t

This is a non-standard optimal stopping problem, so we reduce it to a
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standard one:

[
[E [mm{e—<s¢-3¢>7 A )H %H
[E

—E
=E [min{e*x, e_S’fFL—tH m:S“—B”}
— E[G(r, 8% — BY), o
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where
G(t,z) = E[min{e*x,efs’?—t}] > 0.

Direct computations show that for p # 1/2
2(p=1) o—(u— - —a+(p—1)(T—t
G(t ) = L= e (-1/2(@ t)q)(%t())

+ ghpe(17rg (75”/# t)) +e TP ( gj))

and for p=1/2

G(t,z) =1+ + (T —t)/2)]® (%)

—(T —x Tr— — 2
/T2 to—(a+(T=1)/2)2/(2(T—1) | q)< u(T_z)/ )

Thus we need to solve the standard problem

W = sup EG(r, X,), where X; = S}’ —
TEM
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Introduce the value function, letting the process X start from an ar-
bitrary point (t,x):

W(t,z) = sup EG(t+ 1, XT), 0<t<T, z>0.

r<T—t
where X =z VvV S — BY'.
We know that the optimal stopping time is the first entry time to the
stopping set D:
D ={(t,x) : W(t,x) = G(t,x)}, ™ =inf{t > 0: (¢, X;) € D}.

Thus, in order to solve the problem, we need to analyze the structure
of the functions W and G.

Next we consider two cases, which differ in the methods used:

1. a>1ora<0,

2.1/2<a< 1.
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Casel: a«>1lora<0

Observe that Law(X?*) = Law(|Y|), where Y = (¥})>0 is the bang-
bang process

dY; = —psgn(Yy)dt + dB;, Yy ==,
with a Brownian motion B (may be different from B).
By the It6-Tanaka formula we obtain

Gt +s,|Ys|) = G(t,z) + [§ LGt + u,|Yy])du
+ J5 GL(t+u, |Ya|) sen(Ya)dBy
+ Jo Gt +u, [Yul)dLu(Y)
=G(t,z) + [ H(t + u, |Yu|)du + my,

where we used that G/;(¢,0+) = 0 and H(t,z) and my are defined by
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H(t,x) = A G(t,z) = Gi(t,x) — uGL(t,z) + %ng(t,x)
me = [ G+ Vi) sgn(Y) B,
0

One can show that —1 < G/, < 0, so my is a martingale, which implies

-
W(t,x) =G(t,z)+ sup E [/ H(t+u, X;))du| . (*)
7<T—-t 0

Then, a lengthy calculation shows that

H(t,2) = (1 — 1/2)G(t2) — Gl(t, ).
If w > 1/2 & o > 1, then H(t,z) > 0 since GL(t,x) < 0 by the
monotonicity of G in x, and the inequality is strict if o > 1.

This proves that 7" = T — t is optimal in (%), and hence, 7" = T is
optimal in the original problem.
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In the case < —1/2 < « < 0 observe that
e*G(t,z) = "E[min{e", e_Si‘;ft}] = E[min{1, 6_55“%“”}]
is strictly increasing w.r.t x, so

0(e*G(t,x))

e >0, or G(t,x) + G(t,x) > 0.

Thus

H(t,z) = (n—1/2)G(t,x) — G (t, )
= (u+1/2)G(t,z) — (G(t,z) + GL(t,x)) < 0.

The inequality H(t,z) < 0 implies 7% = 0 is the optimal stopping time.
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Case 2: 1/2<ax< 1

The direct approach of case 1 does not work in case 2, and we provide
another solution (which, in fact, applies also for o > 1).

Lemma. If a > 1/2 then
W(t,z) > G(t,x), te0,T), z>0.
If « = 1/2 then
W(t,z) > G(t,x), te[0,7), z > 0.
Observe that directly from this lemma it follows that 7* = T is optimal

for & > 1/2 by the definition of the stopping set D = {(¢,z) : W(t,x) =
G(t,z)}.

The case a = 1/2 requires some additional reasoning, and will not be
covered in the lectures — for details see the paper of Shiryaev et al.
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Overview of proof. Note that a > 1/2 is equivalent to > 0, and we
assume o = 1.

First, using the explicit formula for G(t,x) provided above, one can
show that in the case p = 0 we have

EG(T, X%) > G(0,z) for x >0,  EG(T,X%) = G(0,0).
This implies that W (t,z) > G(t,x) whenever « = 1/2, = > 0 proving
the second statement of the lemma.
Next, for p# > 0 applying Girsanov’s theorem we have

EG(T, X$) — G(0,z) = E[e™®V57 (BT — 1) #*T/2+ubr]
Then

0

S (TEGT. X7) - GO0.2)) )

= E[e_xVST (eBr — 1)BT6“BT] >0, p>0,

which, together with the second statement, implies the first one.
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Remark. Let B = (B;)¢>0 be a standard Brownian motion and By}’ =
B; + ut be a Brownian motion with drift p.

Recall that the Girsanov theorem implies that for any measurable
“good” functional G¢(x) (e.g. non-negative or bounded) it holds that

EGy(B") = EetBr#12G,(B).
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Thus, we have proved that 7% = T is optimal if « > 1/2 and 7* =0 is
optimal if o < 0.

We also need to find the relative errors

W*(a,0) = B [Xp+ /Mr].

Since the optimal stopping time is deterministic, W* can be found
using the explicit formula for the joint density of (X, M;):

2 log(m?
P(X, € dw, M; € dm) = og(m®/s)

o3V2rt3  xm
log?(m?/z) B 1o
X exp(—w + ElOg(JT) — 56 t),

where 8 = a/o — 0 /2 (see Karatzas & Shreve (1991), p. 368).

Details of the derivation of the formulas for W* are in the paper by
Shiryaev et al.
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Some extensions

1. In the case a € (0,1/2) the optimal stopping time is is 7* = 0.
2. J. du Toit & G. Peskir (2009) considered also the problem

E(Mr/X;) — min

and it turned out that the solution is not deterministic if « € (0, 1),
but deterministic in other cases.
For a € (0,1) it can be represented as the first hitting time of M;/Z;
to a boundary characterized by some integral equation.

3. K. Ano & R.V. lvanov (2012) generalized the result to a-stable
Levy processes, and found that the optimal stopping time is 7% = (
ort=T.
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Applications to real data
1. Shiryaev, Xu, Zhou. Thou shalt buy and hold, 2008.

The original paper provides an example of applying the buy-and-hold
rule to the S&P500 index fund based on the data for 1889-1978.

The parameters (estimated by annual data) are a = 6.18%, 0 =
16.67%, a = 2.2239 > 0.5.

If one takes T" = 1 (year), then W*(«,0) = 10.15%, i.e. if you buy
and hold the S&P500 index fund for 1 year, you can expect to achieve
almost 90% of the maximum possible return.

2. Hui, Yam, Chen. Shiryaev-Zhou index — a noble approach to bench-
marking and analysis of real estate stocks, 2012.

This paper applies the buy-and-hold rule to real estate stock in Hong
Kong.
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4. Sequential hypothesis testing

Development of sequential methods of mathematical statistics started
in the 1940s and was largely influenced by the book of A. Wald "Se-
quential analysis” (1947).

In contrast to classical statistical methods, where sample size is fixed,
in sequential methods one can choose the sample size depending on
observed data.

Typically, this opportunity leads to a smaller average sample size, while
maintaining the same probabilities of errors.
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We consider two models of observable processes (X}):>o, which are
generated by a Brownian motion (By):>o.

Model A: (related to the problem of hypotheses testing and estimation)

Xt:,ut—l—Bt

or, equivalently, dX; = udt + dBy,

where g is an unknown parameter.

Model B: (related to the problem of detecting a disorder)

udt +dByg, t >0,

aB t<6
Xt:u(t—9)++Bt or dXt:{ b =%

where p is a known parameter, but 0 is unknown.
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Hypotheses testing for a Brownian motion

Let B = (B{)i>0 be a Brownian motion on a probability space
(Q,.%#,P). Suppose we sequentially observe the process X = (X¢):>0

Xt - ,U’t+Bt7

where = pg or p = 1 is the unknown drift coefficient.

A decision rule for testing the hypotheses Hy: = pp and Hy: g = g
is a pair (7,d), where

7 is a stopping time of the filtration (FX)i=0, ZX = 0(X4; 5 < 1);
d is an % -measurable function taking values {1, 1}

The time 7 is interpreted as the moment of stopping the observation,
and d corresponds to the hypothesis accepted at time 7.

Generally, we want to find decision rules with a small observation time
and a small rate of wrong decisions.
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The Bayesian sequential testing problem

Suppose that u is a random variable independent of B and taking
values p1, po with probabilities 7, 1 — .

The Bayesian sequential testing problem of H; and Hs consists in
finding the decision rule (7%, d*) which minimizes (over all decision rules)
the Bayesian risk

R(Tv d) = CLP(d = Mo, b = Ml) + bP(d = p1, b= MO) + CET)

where a, b, ¢ > 0 are given numbers: a, b are interpreted as penalties for
wrong decisions, and c¢ as observation cost.
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The conditionally-extremal problem (Wald’s problem)
Suppose p is an unknown real number.

Let A(a, B) denote the class of all decision rules with the probabilities
of errors not exceeding o and 3 respectively:

(r,d) € Ale, 8) & P(d=po | p=m)<a, P(d=p | p=po)<B

The conditionally-extremal sequential testing problem of Hy, Hy
consists in finding (7*,d*) € A(«, 3) such that

E'7* < E%, EY* < Bt forany (1,d) € A(a, B),

where E® = E[- | u = o), E' = E[- | & = o).

In other words, we look for a decision rule with the minimal average
observation time among all decision rules with given error probabilities.
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Solution of the Bayesian problem
Without loss of generality, we will assume ¢ =1, pg =0, uy =m > 0.

We have the problem
V(n) = (iTr’lg) Exlal(d =0,u =m) + bI(d =m,u=0) + 7],
where E; emphasises the prior distribution of p (i.e. P(u=m) = 7).
Introduce the a posteriori probability process m = (7;):>0:
Wt:P(M:m|th)-
Then we for any stopping time 7
E I(d=0,u=m)=E[EI(d=0)I(u=m) | F)]

= E[r;I(d = 0)],

since I(d = 0) is an % -measurable function.
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In the same way E;I(d = m,u = 0) = E[(1 — 7;)I(d = m)], so

V(r) = (iﬂ_r’lg) Ex[t 4+ am;I(d = 0) + b(1 — 7-)I(d = m)].

Then for any decision rule (7, d) the rule (7,d’) with

g - 0, ifar; <b(l—m;) & 7w <b/(a+D),
m, ifar; >b(1l—17,;) & 7w >b/(a+0),

will be not worse (in terms of the Bayesian risk) than (7, d).

Thus the optimal decision rule (7%, d*) should be such that 7* solves
the optimal stopping problem

V(m) =inf Ex[T + amr Ab(1 — )],
and d* is given by the above formula.
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Introduce the likelihood process ¢ = (¢¢)i=0
dP} ;i
o = d—Pé(w), where P! = P | Z~.
It is well-known that ¢; = exp(mX; — mTQt)
As follows from the general Bayes formula (see Liptser, Shiryaev,
Statistics of Random Processes, ch. 7, §9),
dp!
dixP} + (1 — m)PY]’

Ty = T
and therefore
s
I e
1+
Applying the Itd formula, we obtain that 7 satisfies the SDE

Tt

dm, = —m2(1 — m)dt + mmy(1 — m)d Xy, Ty = .
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According to the innovation representation, the process
_ t

B, = X, —/ E.lp | ZX]ds
0

is a Brownian motion (this can be established by checking that B,
is a_continuous square-integrable martingale such that EB; = 0, and
E(B; — Bs)? | #s) =t — s fort > s).

Since Ex[u | FX] = mms, we get that X is a diffusion process with
the stochastic differential

dX; = mmdt + dB;.
This representation implies that

dmy = mm(1 — Wt)dét, Ty = .
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Thus, we have to solve the optimal stopping problem
V(r) =E«[r+G(x;)],  G(r)=ar Ab(l—m).

Due to the nature of the problem it is reasonable to assume that the
continuation set is an interval

C={n:me (A B)}

forsome 0 < A<b/(a+b) < B<1.

This assumptions suggests that we should look for V(7), A, B as a
solution of the free-boundary problem

2V =—1forme (A, B),
V =G form & (A, B),
V'(A)=a, V/(B) =B

2 2
where L, = "-7%(1 — W)Q%.
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Introduce the function
() = (1 —2m) log( U )
1—m
We can find that the solution of the differential equation with the bound-

ary conditions V(A) = aA, V'(A) = a for afixed 0 < A < b/(a+Db)is
given by

2 2
V(i A) = 5 ((m) = h(A) + (a = —5¥/(4) ) (m — A) +aA
for m > A. Choosing A and B in a such way that the conditions

V(B) =b(1 — =), V'(b) = b are satisfied, we obtain
% (0(m) — 0(4) + (0 ZW/(4))(m — 4) +ad

m2

Vi(m) =19 ifr e (As, B))
ar Ab(1 — ) if T € [0, A,] U [By, 1].

where A, and B, form the unique solution of the equations

V(B A)) =b(1—B,),  V'(ByA)=—b.
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Now we need to verify that V,(mw) coincides with the value function
V() in the optimal stopping problem.

It is clear that in the optimal stopping problem we only need to consider
stopping times 7 with E7 < co. Then we have

Vr) = irTlf Er[r+G(7;)] > iITlf E, [T—}—V*(WT)]—}—iITlf E;[G(m:)—Vi(mr)].
If 7 € (A, Bx), using that £V, = —1, for any 7, ET < 0o, we get
E V() = Vi(m) = =Ex7 <= Ex[1 + Vi(m,)] = Vi(m).
Using that G(m) > Vi(m) for any 7 € [0, 1] we obtain
inf E, [G(r,) — Vi ()] > 0,
and finally
V(r) > irTleW[T +Vi(mr)] = V(m) > Vi(m).
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By direct computations, we find that for any 7 € [0, 1] the stopping
time
T =inf{t > 0:m & (As, Bs)}

has the finite expectation E,7,. Moreover,
Be[r* + G(mre)] = Ex[r* + Va(mre)] = Va(m).
This implies that
V(m) = V() = Ex[7" + G(7+)].

However, since V() < Ez[7* + G(7,+)| by the definition of the value
function, we get

V =V, and 7" is the optimal stopping time.
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Thus we have proved the following theorem.
Theorem. The optimal decision rule in the sequential testing prob-

lem of Hy and Hy is (7*,d*) with

0, =mr<b/(a+Db),

*:.ft>0: A*,B* 5 d:
7 = inf{ e & ( )} {m, > b/(a+b),

where the constants A, By are the unique solution of the equations
V(By; Ay) = b(1 — By), V/(By; Ay) = =0,

for the function

Vi A) = 5 ((r) — 9(A) + (o~ —0/(4) ) ( — 4) +aA

m?2
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Remark: the symmetric case

Suppose we test the hypotheses H,: u=m, H_: y= —m for m >0
anda=b>0, c=1.

In this case, using the explicit formula for 7; through X; we obtain the
optimal decision rule (7%, d*) with

T =inf{t >0: X, & (—A,, A.)},  d=msgn(X,),

where A
~ % T
A, =2m (1 —1 ,
m<°g1—A* °g1—7r>
for the constant A, being the unique solution of the equation
) 9  1—A, A, Lol 1— A,
A VR N W

(If A, >0, we set 7% = 0.)
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Solution of Wald’s problem
We look for a decision rule (7*,d*) € A(«, 8) such that

E'7* <E%, E%%* <E% forany (1,d) € A(a, B).
assuming pu; = m > 0, yo = —m, a+ B < 1. Recall that (7,d) €
Ala, B) if P1(d = —m) < o, PO(d =m) < B.

Theorem. The optimal decision rule (7*,d*) is given by
x_ X m,  Qr 2
" =inf{t > 0: ¢ & (As, By)}, 4" =
—m, c)07'>s< <
where
cpt:exp(2th—m72), A.=a/(1-08), B.=(1-a)/b.
The average observation times

BT =w(B,a)/(2m?), Bt =w(a,B)/(2m?),

where w(z,y) = (1 — z) log 1771 + xlog 1%
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Proof
We solve Wald's problem by reducing it to the Bayesian problem.
For simplicity we consider only the case a = (< 1/2).

Consider the Bayesian problem with a parameter a:

V(ma) = (iTr}g) Ex[7 + al(d # p)).

The optimal decision rule here is of the form
" =inf{t > 0: X; & (—As, AW}, d* =msgn(X+),

where A, = /L(w;a). Moreover, for any A, > 0, 7 € (0,1) it is
possible to find a > 0 such that A.(m;a) = A,.
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Take A, > 0 such that for 7% = 7%(A,), d* = d*(A.) we have
PY(d* = —m) =P%(d* =m) = a.

Then for any m € (0,1) there exist a = a(m) such that the optimal
stopping rule 7*(m;a) = 7*(A).

Using that for any decision rule (7,d), any 7 € (0,1), a > 0 we have

Er[r + al(d # p)]
=BT + (1 — m)E°7 + a[rP(d = —m) + (1 — m)P’(d = m)],

we obtain that for any (7,d) € A(«, ) and 7 € (0,1)
aEr* 4+ (1 — 7)E%* < nE'r 4+ (1 — 7)E%7r,

where 7% = 7*(m, a(m)) = 7" (A,).
Since 7 € (0,1) is arbitrary, (7%, d*) solves the Wald problem.
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5. Sequential parameters estimation

In this part we consider the sequential estimation problem for an un-
known drift coefficient of a Brownian motion.

We observe a random process X = (Xy)>0
Xy = pt + By,

where p is a random parameter independent of a Brownian motion B.
A decision rule for estimating p is a pair (7,d), where
T is a stopping time of the filtration (.#X)i=0, .Z/* = 0(Xs; s < t);
d is an %.-measurable function with values in R.

Generally, we want 7 to be small, and d to be close to p.
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Bayesian risk and reduction to an optimal stopping problem

We consider the Bayesian risk given by

R = inf E[er + W(u, d)],

(7.d)

where E is the expectation w.r.t the measure generated by the indepen-
dent p and B, and W is a penalty function; ET < co.

Due to the representation
Eler + W(p,d) E{E[CT+W(,LL, d) | fX]}
and the measurability of 7 and d w.r.t .Z.X, we need to find

E[W (u,d) | 7]
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The conditional distribution of 4 is given by

Y JdP(Xt =
J ( 3'“ Z)dPu(Z)
_xy _ —oo AP(X{ | =0)
P(p<y|Z) ) 7
}OdP(XollL:Z)dP(z)
L ap(xg[n=0)""

with the Radon—Nikodym derivative

dP (X} p = )
dP (X} p=0)

of the measure of the process X} = (X, s < t) with the parameter
@ = z w.r.t the measure of the process X} = (X, s < t) with u = 0.
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Evaluating the Radon—Nikodym derivative, we obtain

Yy

f GZXt_Zzt/QdPM(Z)
Plu<y| 7)== :
f EZXt_ZQt/QdPM(Z)

—00

If P,(2) has density, dP,(2) = p(z)dz, then the conditional density
of u can be represented in the form
dP(p<y| FY) _ v vtp(y)

, Xy t) = == .
p(y t ) dy f ZXt—Zzt/Q
e p(2)dz
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Thus, for d = d(7) we find

B0V (1) | #X] = | Wind(r) - plo X7, 7)y
If for any 7 there exists .#-X-measurable function d*(7) such that

inf /W y,d) - ply, Xp;7)dy =

deFX

=Awwmmmmxm@ (= G(r.X,)),

then the following equation holds (with the notation p = Law )

(iTrg) Eler + W(p,d)] = iI;fE[CT + G(1,X;)] (=V(p).

and if 7% is the optimal stopping time in the right-hand side, then
(7*,d*(7*)) is the optimal decision rule.
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Example 1: the mean-square criterion

W(p,d) = (u—d)*> and p~ N(m,o?)

In this case
V(p) = inf E[er + v(7)], where w(t) = 1/(t + o?).
The optimal time 7* is deterministic:
(a) if \/c < o2, then 7* is the unique root of the equation
Vit =V <+ 71°= V2 g2

(b) if /e > 02, then 7% = 0;
The optimal d* is the a posteriori mean E(u|.%2%):
(C) d* = \ﬁX’F* + m\ﬁ/0—27 if \ﬁ < 027

N m, if /e > o2
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Let us show how to obtain the representation
V(p) =infE[cr +v(7)] for w(t) =1/(t + o?).
T

Consider
inf Eler + (u — d)?].
) [ ( )7

For a given 7, the optimal d* = d*(7) is the conditional mean of
d"(r) = E(u| FY) = /Ry p(y, X7 7)dy,

and E[( — d*)? | #X] is the conditional variance of .
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If u ~ N(m,c?), the conditional variance
E(u - df | 7Y) = o(t),

where v(t) solves the Ricatti equation (the Kalman-Bucy filter)

Its solution is given by
1

T tt+o2

v(t)

As a result,

Vip) = il;fE |:C7’—|— t—l—a—Q] ,

which proves statements (a) and (b) for 7*.
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Representation (c) for d* = E(u|.%.X) follows from the formula

T

dys Z/Rz/p(ijr*;T*)dy

= Xv(7") + mexp <— /OT v(s)ds) =

02 m

*1+J2T*+1+O'27'*’

=X,

which implies

o [VEXe e myjt, i e<o? (= Vo)
m, if /Jc=0? (1" =0).
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Example 2: exact estimation

Let 0, be the Dirac function and consider the penalty function

W(p,-) = =0u(:)-

In this case
/RW(y,d)p(T, X, y)dy = —p(7, X7, d),

which means that d*(r) is the mode of the conditional density
p(7, X7,-) (i.e. a maximum of p(7, X, -)).
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In the normal case i ~ N(m, 0?) the mode coincides with the condi-
tional mean (see Example 1):

d*(7") {ﬁXT* +mye/o?, ifye<o® (vt =cTt2 -0,
T =

m, if /o= 0? (1" =0).
Therefore
1
G(r,X,;) = —p(r, X; d* =
(7, Xe) = =plr, X' (1) =~ e

It remains to find 7" = t* which minimizes c1 — (Q}(T)\/27T)712

o 1/(8nc?) —1/(0?), if 8nc?® < o2,
B 0, if 87c? > o2,

The corresponding function d* is given by

d* =v(t") X~ + mU(T2 ) =81’ X, +m
o

8mc?
o2’
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Remark

It would be interesting to consider problems, where i belongs to a finite
segment [ug, po], e.g. with a uniform distribution.

In this case the optimal stopping time 7% will not be deterministic.
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6. Sequential disorder detection

Generally speaking, a moment of disorder (another name — a change-
point) of a stochastic process is a moment of time when its probabilistic
structure changes.

We consider problems of detecting the disorder, when the moment of
disorder is not observed directly, but shows up though changes in the
behaviour of an observable process.

We will study sequential methods, when data arrives continuously and
the aim is to stop the observation as soon as a disorder occurs, but not
earlier.

The general disorder detection theory for discrete time was presented
in the first part of the course. In this part we consider one particular
discrete-time problem, and then study the case of continuous time.
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One possible application of disorder detection methods can be found in
question of portfolio re-balancing.

For example, if stock price is described by a geometric Brownian motion
dX; = uXdt + 0 Xd By, then we found earlier that the decision when
to sell the stock depends on the ratio /02, which, we assumed, stays
constant.

But suppose that
11/o? may change during the time segment [0, 77.

When is it optimal to sell the stock in this case? — We need to develop
a model of changing parameters and to find out how to detect changes.

Next we consider one discrete-time problem, and then consider the gen-
eral theory for continuous time.
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Random walk model of stock prices

Let Sp, S1,52, ... be a random sequence representing the prices of stock
at the moments of time ¢t =0,1,2,.. ..

Assume that the log-returns are normally distributed:

St
Si—1

t
log =pu+o& <= St:SoeXp<ut+UZ§t>,
t=1

where & ~ N(0,1) is a sequence of independent random variables, and
o >0, p € R are known volatility and drift coefficients.

Suppose one wants to sell the stock at a time 7 < T maximizing the
expected utility EU(S;). For Uy(x) = 2 or Uy(x) = log(x) she should

e sellat7=0if u< —%204 (because EU,(Sy) = EU,(St) for u < t);
e sellat7=Tif p> —%204 (here EU,(S,) < EUL(S) for u < t).
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We will study the problem of optimal selling the stock when the param-
eters 1,0 may change before the time ¢t =T

Consider a random sequence Sy, S1, ... such that

Si1

log Si  Jmtoi&, t<0
p2 + 028, t=10

where )

B > —%104, o < —%Za are known parameters,

0 € {1,2,...,T + 1} is the moment of disorder of the price se-
quence.

We assume that 6 is an unobservable random variable independent of
& with a known distribution G(t) = P(0 <t) < p, =P(0 =1).

(Remark: py is the probability that = ua, 0 = o9 from the beginning;
pr+1 is the probability that yo = p11, 0 = o1 until the time t =T.)
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The question we study:
when is it optimal to sell the stock in the above model?
By definition, the moment 7 when one sells the stock should be a stop-
ping time of the sequence S, i.e.
{r=t}eo(Sy;u<t) foranyt=12,..,

which means that a decision to sell the stock should be based only on
the price history up to the present moment of time.

Let {Ua(z)}a, a € (—o0, 1] be the family of utility functions:
Ua(z) =2% a € (0,1], Up(x)=log(x), Uy(z)=—z2%a<O0.
We consider the following optimal stopping problems for o < 1:
Ve = sup EU,(S;).

T<T

The problems consist in finding the stopping times 7 at which the
suprema are attained.
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What can be called the solution of the problem /7

We are interested in obtaining a Markov—type solution of the problem:
to find a sequence Z;, such that Z; is a function of Sy, ..., S; and the
optimal stopping time 7* is

" =nf{t >0: 7, € D(t)},

where D(t), t =0,...,T are some sets in R.

In fact, we will show that D(t) are of the form

where a(0),a(1),...,a(T) define the optimal stopping boundary.

We provide an algorithm to find a(t) numerically.
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Literature review

The theory of disorder detection has been developed since the 1950s.
Basic results was obtained by Page (1954, 1955), Roberts (1959),
Shiryaev (1960, 1963) and others.

The problem we consider was proposed by Beibel & Lerche (1997) for
geometric Brownian motion and later considered by Novikov & Shiryaev

(2009), Ekstom & Lindberg (2013).

They solved the problem for the homogeneous case — when 6 is expo-
nentially distributed on [0, c0) and only i changes (o remains constant).

The model we consider (6 is discrete and takes values in a finite set;
both 1 and o may change) is non-homogeneous and more difficult.

100/145



The main result

Define
St

)
Si—1

Introduce the Shiryaev—Roberts statistic ¢ = (¢)>0:

—p)? )2
o =0, = (p+1v_1)- % exp((Xt%;;) _ (Xt%gz) )

X =log t=1,...,T.

Theorem. The optimal stopping time in problem V' is given by
To=nf{0 <t < T : ¢ > aq(t)},
where
ao(t) = inf{x > 0: V*(z) =0}

for the family of functions V§*,V{*,..., Vi, which are increasing,
have unique positive roots, and can be found recurrently as follows:
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For aa=0:
Via(z) =0 for all > 0;

V2 (z) = max{0, p1(1 - G(t+ 1)) + pa(z + pry1) + fO(t, 2) },

where  fO(t,x) = /RV;(L [(pt+1 +x) - ? eXp((z;u;)Q - (27“22)2”

9 o1 2075

Ulm xp( (z— “1)2>dz

For a # 0:
Vi (x) =0 for all z > 0;

V() = max{0, san(a) - B'[(8 — 1)(1 - G(t +1))
+ (v = D(peg1 + @) + f4(t, 3) },

where  f4(t,x) /VtJrl pt+1+$) fexp((z Mll) _(Z;;L%Q)z>i|

_ (Z—ul—wl)Q)
X alx/ﬂ exp( 207 dz
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with the constants

0420'2 062
ﬂzexp<au1+ 21>, 7=exp<2(US—Uf)Jra(uz—m))-
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A numerical example
Let 7" = 100, p1 = —p2 =1, o012 = 1 and 6 be uniformly distributed.

The graphs below presents the solution of the problem V? when 6 = 30:
the left graph — log Sy; the right graph — ao(t) and .

The optimal stopping time 7% = 42.
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Overview of the proof

Recall, we have the sequence S = {S;}+>¢ such that

gt ~ N(07 1)7

St {:u’l + O-lgh t < 97
log =

St-1 po + 09, =0,
and we look for the solution of the optimal stopping problem

Ve =sup EU,(S7).
<T
The problem will be solved in 2 steps:

Step 1. Reduce the problem to an optimal stopping problem without
unobservable parameters.

Step 2. Prove that the solution is of the Markov type and find the
stopping boundary a(t) by backward induction.
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Reduction to a fully observable optimal stopping problem

On the measure space (2, .ZX), where 7% = o(X;;t < T), introduce
the measures P%, o < 1, such that

Pa
X; '~ N(u1 + ac?, o?).

The explicit formula for the density is given by the formula

dP T O[QCTQ
— = (Yr +pry1) -exp(—a Y Xy + (o + “F4)T).
dpe t=1
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Lemma. For any stopping time t < T it holds that

EU,(S,) = E° ; BB — )+ (B—1)(1— G®)| +1, >0
EUW(S,) = B [2 (1= G(O) + ]
BUL(S;) = B | 32 #7010 = A+ (1= )1 - a)] ~ 1. a <0,

where E is the expectation w.r.t. P* and

2 2 2
a~o (6]
B = exp (am+ 21>, 7 = exp (2(03—01)+a(u2—m)>

The lemma reduces the optimal stopping problems V,, which contain
the unobservable random variable 6, to the optimal stopping problems
for the sequence ; without unobservable elements.
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Solution of the optimal stopping problems for ),
Consider the Markov setting of the optimal stopping problems V¢ and

introduce the value functions V,*(z) for t =0,...,T

V(@)= sup B[ B8~ 9t (8- (1= G+ )]
for a > 0,

W)= sup B, [ (1= Gt ) + e for a =0,

T

Vi) = sup Bi| 3 8770y = B)bu+ (1= H)(1 - Glt + u))}
for a < 0,

where w.r.t. E, the sequence 1), satisfies the recurrent relation

ag _ 2 _ 2
o = x, hy = (pu+t + %—1) : ;1 eXp<(Xuzg%“) — K 52) >

205

with X1, Xo, ... being i.i.d. V(1 + aa%,a%) random variables.
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From the general optimal stopping theory, it follows that
7o =1inf{0 < T : V*(¢) = 0},

where 0 is the gain from instantaneous stopping.

Then we show that V,*(x) increases for x > 0 and has a unique root
an(t).

The recurrent relation for V* follows from properties of conditional
expectations.
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Applications to stock markets

We apply the results obtained to the problem of choosing the optimal
moment of time to sell stock based on real market data.

We consider the following examples:
e Apple Inc. prices in 2012;
e The NASDAQ-100 index in 1998-2004;

The model of choosing a moment to sell stock

1. We observe a sequence of stock prices (or index values)
S0, 51, - -.,57, which, we believe, has a positive trend initially.
2. It is expected that the trend will become negative by time T'.

3. For a buying time ty < T we need to find the selling time 7 maxi-
mizing the expected utility from selling.
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In order to apply the disoder detection rule, we represent the prices by
a random walk with a disorder:

1. We assume

log St Jmtok, t<0
St-1 p2 + o2k, t=>0,
where 0 € {to,...,T} is a random variable.

In the examples below, we will consider daily prices, so Sy and Siy1
correspond to two consecutive trading days.

2. The parameters p;, o are estimated using the data Sp, ..., S, .
The choice of 9,09 and the distribution of @ is subjective. In the

numerical examples below we take o = —py, 0 ~ U{to,..., T},
which, as we found empirically, gives good results.

3. Then we choose the stopping time maximizing EU,(S;). In the
examples below, U, (z) = x.
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How to estimate 77

A difficult problem is to estimate the final time 7', until which, we
believe, a disorder will happen.

One model for predicting market crashes is the bond-stock earnings
yield differential (BSEYD) model, see Ziemba, The stochastic pro-
gramming approach to asset liability and wealth management, 2003.

The BSEYD model relates the yield on stocks, measured by the ratio of
earnings to stock prices, to the yield on nominal Treasury bonds. When
the bond yield is too high, there is a shift out of stocks into bonds. If
the adjustment is large, it causes an equity market correction.
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The model is based on observing the earnings/price ratio (E/P) and the
bond yield (B).

When the difference
g_E
P

exceeds some threshold, a decline in stock prices is expected.

As an example, let us consider the NIKKEI index in 1980-1990; the data
are taken from Ziemba, 2003.
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Figure 2.4.

Bond-Stock Yield Differential Model for the Nikkei Stock
Average, 1980-90
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Example 1: Apple Inc

During 2009-2012, Apple's stock price increased almost 9 times, from
$82.33 (6-Mar-09), to $705.07 (21-Sep-12). By the end of 2012 it fell
to $532.17.
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Choosing the optimal time to sell Apple
We assume T ~ 31 Dec. 2012..

Buy Sell % of max. | Return*, %
3-Jan-11 9-Oct-12 90.56 37.13
($329.57) | ($635.85)

1-Jul-11 8-Oct-12 90.89 48.83
($343.26) | ($638.17)

3-Jan-12 8-Oct-12 90.89 57.38
($411.23) | ($638.17)

1-May-12 | 9-Oct-12 90.56 19.86
($582.13) | ($635.85)

3-Jul-12 9-Oct-12 90.56 21.87
($599.41) | ($635.85)

1-Aug-12 11-Oct-12 | 89.46 17.38
($606.81) | ($628.10)

* Return = average annual return from date ng to date 7*.
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On the graphs — the result of applying the method when buying
on January 3, 2012.

Left — the graph of the price (the red point is the selling price).
Right — the process 1 and the optimal stopping boundary.
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Example 2: NASDAQ-100

From the beginning of 1994, by March 2000 the NASDAQ-100 increased
more than 12 times, from 395 to 4816, and then fell to 795 by October
2002.

1000 2000 3000 4000

T T T T T T
1994 1996 1998 2000 2002 2004
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Choosing the optimal time to sell NASDAQ-100

Buy Sell % of max. | Return, %
2-Jul-98 12-Apr-00 | 77.23 56.30
($1332.53)| ($3633.63)

4-Jan-99 13-Apr-00 | 75.54 50.75
($1854.39)| ($3553.81)

1-Jul-99 13-Apr-00 | 75.54 53.88
($2322.32) ($3553.81)

1-Oct-99 14-Apr-00 | 68.19 53.42
($2404.45)| ($3207.96)

3-Jan-00 14-Apr-00 | 68.19 -22.89
($3790.55) | ($3207.96)

The assumption: T' ~ Dec. 31, 2001.
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On the graph, the buying dates are marked by the blue points, and April
13, 2000 (one of the selling dates) is marked by the red point.
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Concluding remarks
The solution we obtained should not be thought of as the only true rule
for choosing the moment to sell stock:

e Real stock prices do not exactly follow Gaussian random walk (or
geometric Brownian motion);

e lItis difficult to estimate the parameters i, o, and the prior distribution
of 6;

e There may be many disorders rather than only one.

However, the optimal criteria we find can be used as indicators of trend

changes together with other known indicators.

The advantage of the result we obtain is that we develop a strict math-
ematical model and find the mathematically optimal criteria. We also
show that these criteria are applicable to real market data.
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Disorder detection for Brownian motion

Let B = (Bt)i=0 be a Brownian motion on a probability space
(Q,.7,P).

Suppose we sequentially observe the process X = (X¢):>0
X = ,u(t — 9)+ + B <<— dX;= MI(t > G)dt + d By,

where 1 7 0 is a known constant, and 6 > 0 is an unknown moment of
the appearance of a drift (a moment of disorder).

Each disorder detection rule is identified with a stopping time 7 of
the filtration (Z;X) and is interpreted as the time when we raise an
alarm that a disorder has occurred.

Generally, we want to find 7, which is in some sense close to 6.
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Variant A

Suppose 6 is a random variable with values in [0, cc] and 901 is the class
of Markov times w.r.t the filtration (.%;X);0.
e Bayesian formulation.

For a given ¢ > 0, to find 7% € 9t minimizing

il}f [P(r < 0)+ cE(r —0)*].

e Conditionally variational formulation.
In the class M, = {7 € M : P(r < 0) < a}, where a € (0,1), to
find 75 minimizing

inf E(t—60|72>0).
Tema

e Absolute formulation.
To find 7% € M minimizing

inf E|T —0|.
TEM
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Variant B

Let My = {7 € M : E*°7 = T'} be the class of stopping times 7 with
the mean time E°7 under the assumption of no disorder, equals 7.

The problem is to find 7. € 97 minimizing

1 T
inf / E?(r — 0)*do,
0

TEMP

where E? is the expectation under the assumption that the disorder
occurs at time 6.

We call this variant
generalized Bayesian setting

because the integration w.r.t df can be considered as the integration
w.r.t the “generalized uniform” distribution on R .
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Solutions of the problems of Variant A

We will assume that 6 is an exponentially distributed random variable:
PO=0)=m, PO>t|0>0)=e,

where m € [0,1) and A > 0 are known.

Introduce the a posteriori probability process m = ()0
T =P <t |.FY), Ty = .

Then we find that for any stopping time 7 with E7 < oo
T
P(r < 0) + cB(r — 6)* :EW[1 —7rT+c/ wtdt},
0

where E stands for the expectation w.r.t. the distribution P, of the
process X with my = m. The process (7;);>0 has the stochastic differ-

ential
dry = (A — p27?) (1 — mp)dt + pmy(1 — m)d Xy
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First, we solve the Bayesian formulation of the problem.

The process X = (X¢);>0 admits the innovation representation
t ~
X :,u/ msds + By
0

where B; = X; — Mf(f msds is a Brownian motion w.r.t (ZX)io.

Consequently, m; admits the stochastic differential
dmy = M1 — m)dt + pme(1 — Wt)dét, Ty = T,

and is a Markov process.

Thus we can formulate the Markovian optimal stopping problem
T
V(r) = inf E; [1 — T+ c/ 7Tsd8:|.
T 0
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To solve this problem, we consider the corresponding free-boundary
problem
Vin)=1-m, 7w2>=A,
L V(m) = —cm, w™w<A,
where % is the infinitesimal operator of the process m:
p? d

d
-Z’]’r = A(l — ’ﬂ')% + ?7'('2(1 — W)QW

The general solution of the first equation contains two arbitrary con-
stants C7, Cy. Thus, in order to find unknown C7, Cy, A we use the
following three boundary conditions

V(A)=1-4,
V'(A) = (smooth fit)
V'(0) =
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Using the above conditions we find

Ay
V(r) = {(1 —A) = [ry(s)dz, e 0,A),

1—7'(', 71-6["4*71]7
where
2c z 62/\(G(x)_G(u))/N'2 u 1
= —— d =1 - —.
o) =~ | g Gl =lor o

The optimal stopping point A, = A,(c) can be found from the equation

du = 1.

9¢ [Ar 2MG(A)—~G(w)/?
M/o u(l - u)?

Then the optimal stopping time 7" = 7%(c) is given by
™ =inf{t > 0:m > As(c)}.
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In the conditionally variational formulation

inf Ex(r—60]712>86)
TEMa

the optimal stopping time is of the very simple structure:

Ta=inf{t>0:m >1—a}.

Indeed, for any stopping time 7 #Z 0 we have

E.(r—6)*"

e 01720 = SIS

Using that P.(7 < ) = Ex(1 —7,) if 7 < 1— «, and the process 7 is
continuous, we see that we must have 1 — m« =, or mx =1 — .

(Note that if 7 > 1 — a then 7 = 0.)

129/145



The solution of the absolute formulation can be obtained from the
Bayesian one (in the case 6 is exponential).

Indeed, we have
1 T
Elr—0|=E[0—7+2(r—0)"] = AE[r+2/ ﬁsds},
0

where it was established above that E(7 — )" = E [ myds.

Since dmy = M1 — my)dt + pm (1 — wt)dgt, we find
Em, = )\{/ (1- Ws)ds},
0
from where we get that Er = Ex, /A + E [ m.ds, and finally
1 T
E|lT - 6| = —E[l — T+ / 7T3d8:|
A 0

so the optimal 7* solves the Bayesian problem with ¢ = \.
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Variant B

We want to solve the following optimal stopping problem: to find

1 oo
B(T)= inf — [ E’(r—-0)"
)= 7, B0

where 6 is a parameter with values in Ry and My = {7 : E®7 =T}.

The key point is the following representation:

/ E’(r —60)Tdo = E°°/ Yudu,
0 0

where dy, = du + p,dX,.

To prove this representation, we note first of all that (7 — 6)T =
o0
Jo I(u < 7)du.
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Using change of measure, we get

o0 o0
L L
Ef(r—0)t = /Eel(u < 7)du = /EOO"I(u <7T)du=E* | Zdu,
9 Ly 0 Ly

where L; = dPY/dP$°, and
(o9} oo T Lu
/ Ef(r —0)Tdo = E°°/ [/ du] do
0 0 o Lo
T o0
e [ [/ L“de] du
o LJo Lo
= E°°/ Yy du.
0

The process (¢)i>0 is a P*°-diffusion Markov process with the differ-
ential dyy = dt + pydBy. We see that

inf / Ef(r —0)*d§ = inf E® / Yudu.
TEM 0 TEMT
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From the general theory of optimal stopping for Markov processes it
follows that an optimal stopping time in the problem

-
T~ inf EOO/ Yy du
TEMr 0

has the following form:
mr=1inf{t > 0: ¢, > b(T)},

where b(T') is such that E*7} = T. Since ¢y =t + ufg Uy dBy, we
find that
E®y,: = E®7}.

But ¢, = b(T'), so that b(T') = E>°7} = T. We have got, for optimal
stopping time 77 in Variant B, the very simple formula:

Tr=inf{t > 0: ¢ > T}.
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For this stopping time 77 the quantity E* fOT% P du is easy to find. In-
deed, consider the process (1;)>0 with 19 = = > 0. The corresponding
function

EZ° stands for averaging w.r.t. the

U(z) = EX [T ¢udu,
() = B Jo" tudu P2_distribution of (1;)s>0 when g = =

satisfies the backward equation

2
ZL>°U(x) = —z, where L = (%—i—pr(%Q =—z, p=Lk.

Put for simplicity p = 1, then it is easy to find that

Uz) =G (5) — G (2), | where G(z = [° F(u) u?du,
) e Bi(—u)
—Ei(—u) = [~ < dt.
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These formulae imply that
B(T) = infrcon, 7 [ EY (1 — 0)*df = inf con, +E [) Yudu,
— FE [5F b = FUO) = 6 (}) -
= F (7) — A (), where A(b) =1—1b [;° e‘bulog(%“)du.

Thus, B(T) = %G (%) =F (%) - A (%) and we have the following
asymptotics for small and large T

B(T) = L+ o(1?), T — 0,
"~ \logT — (14 C) 4+ O(T ' 10g?T), T — oo,

where C = 0.577... is the Euler constant.
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7. Maximal inequalities

Let B = (B¢):>0 be a standard Brownian motion defined on a probability
space (2, .7,P).
Our aim is to prove the following maximal inequalities for B.

Theorem. For any stopping time T of the filtration (F8)i>o the fol-
lowing inequalities hold:

Emax B; < VET, (1)
s<T

E max |B;s| < V2Er, (2)
S<T

E[max By — min By| < V3Er. (3)
s<T s<T

(1), (2): Dubins, Shepp, Shiryaev, Theory Probab. Appl. 38:2 (1993).
(3): Dubins, Gilat, Meilijson, Ann. Prob. 37:1 (2009); Zhitlukhin, Statistics &
Decision 27 (2009).
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Remark 1. We also show that these inequalities are strict in the fol-
lowing sense:
For any T > 0 there exist stopping times 11, T2, T3 with Ery, = T
such that inequalities (1), (2), (3) turn into equalities for 1, T2, T3
respectively.

Remark 2. For any non-random time ¢t > 0 we have

2
Emax B; =/ —t,
s<t e
s
Emax |B;| =4/ =t
s<t 2
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The maximal inequality for max B

Let us consider the following auxiliary optimal stopping problem with
the parameter ¢ > O:

V)= supE[max B — CT].

=0 s<T

We will use the solutions of this problem to prove the maximal inequality
for max B. We will find V! = 1/(4c), so for any 7

Emax By, < inf
S<T c=0

[V + cBr] = inf[1/(4¢) + cBr] = VEr.

Moreover, for any T > 0 and ¢ = 1/(2v/T) the optimal 7;(c) is such
that E7{(¢c) = T and E max By = /T, i.e. inequality (1) is strict.

<71 (¢)
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Solution of problem V!

V= SupE[maX Bs — CT]

c
>0 S<T

It is possible to apply the general theory of optimal stopping to this
problem, but we prefer to give a simpler, but “tricky” solution.

Obviously, we can consider only stopping times 7 with ET < co. For
any such stopping time we have EB; = 0, so

E[max Bs — CT] = E[max Bs — B, — CT]
S<T S<T
By Lévy’'s theorem, Law(max B — B) = Law(|W]|), where W is
a Brownian motion. So we have
E[|W;| — cr] = E[|W;]| — cW?],

where we used the Wald identity: EW? = Er.
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It is easy to check that

1 1
2:4—cforac:—.

1
2] — ca® < o for any z > 0, |z| — cx 5

Then the optimal stopping time for V! is given by
T =inf{t > 0: |W;| =1/(2¢)}

or, recalling that |W;| = mgchs — By,
ER

¥ =inf{t >0: mgths — By =1/(20)}
ERS

and we have

Erl* =1/(4c%).
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Moreover, it is possible to extend the maximal inequality for max B to
any continuous local martingale M = (M;)>0 with My = 0. By
changing the time we get

Emax M; = Emax By, = E max B; < E(M).

s<T S<T 8<<M>7—
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The maximal inequality for max | B|
We have

Emax By = Emax | By | < E{maxEUB || Fine] }

\

= E{I?;LOXE“BT’ - E|BT‘ ’ ﬁ‘r/\t] } + E|BT‘

()
< VE(|B:| — E|B;|)? + E|B;]|

(%)
Er — (E|B;|)2+ E|B;| < V2E;

Where in (x) we used that E[|B;| — E|B;| | #as] is a continuous

martingale, and in (xx) we used the inequality VA — 2% + 2 < V24
valid for any 0 < < VA.

The maximal inequality is attained at the stopping times

nginf{t>0:m3tx\35|—|3t| >a} for any a > 0.
ER
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Indeed, for any fixed @ > 0 denote o, = inf{t > 0: |B;| = a}. Then

Ty = 0q —an{t > 0g ¢ m%x\B5| — |B| = a} — 0g.
S

From the strong Markov property,

. L .
mf{t >0, mgtx|Bs]—]Bt\ > a}—aa = 1nf{t >0: mthBS—Bt > a}.
s< s<

Thus

E7y = 2d?, E max | Bs| = 2a,
S$<TS

E max |Bs| = y/2E7;.
8T

which gives
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Remark. Another approach to prove this maximal inequality is to solve
the optimal stopping problem

V2= sup E[max |By| — c7].

=0 ST

Its solution is given by

1
72 =inf{t > 0: max |B,| — |By| > 1/(2¢)}, V2= _—.
s<t 2c
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The maximal inequality for max B — min B

The inequality is proved by solving the optimal stopping problem

Vc3 = supE[maXBs — min Bg — CT]
>0 SKT ST

We provide only the answer:

2 =inf{t >0: (mgg{Bs — By) A (By —min By) > 1/(2¢)}
S ER
3
Vi=—
¢ de
Thus one needs to stop when B, deviates more than 1/(2¢) from both
its current maximum and minimum.

The proof can be carried in the same way as for V.2, but is more compli-
cated. Another proof, based on the martingale approach can be found
in [Dubins, Gilat, Meilijson, Ann. Probab. 37:1 (2009)].
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