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Topological descriptions of Mikado braids

» There is no known topological model for a general
Artin-Tits group. But in some cases it exists, for
instance for the infinite families of spherical Artin-Tits
groups of type B, and D,.
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Topological descriptions of Mikado braids

» There is no known topological model for a general
Artin-Tits group. But in some cases it exists, for
instance for the infinite families of spherical Artin-Tits
groups of type B, and D,.

» The topological definition of Mikado braids is, as we
will see today, useful and even necessary in some cases
to show results involving Mikado braids.
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Topological descriptions of Mikado braids

» There is no known topological model for a general
Artin-Tits group. But in some cases it exists, for
instance for the infinite families of spherical Artin-Tits
groups of type B, and D,.

» The topological definition of Mikado braids is, as we
will see today, useful and even necessary in some cases
to show results involving Mikado braids.

» Question: Is there a topological characterization of
Mikado braids in the above mentioned cases ?
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Topological models in the classical types: type B,

» If W is a Coxeter group of type B, then there are (at
least) two realizations of B(W) by Artin-like braids.
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Topological models in the classical types: type B,

» If W is a Coxeter group of type B, then there are (at
least) two realizations of B(W) by Artin-like braids.

First model: Artin braids on n + 1 strands
with an unbraided first strand.
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Topological models in the classical types: type B,

» If W is a Coxeter group of type B, then there are (at
least) two realizations of B(W) by Artin-like braids.

Second model: symmetric braids on 2n strands
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> The right model for a topological characterization of Mikado
braids is the second one.
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Topological models in the classical types: type B,

> The right model for a topological characterization of Mikado
braids is the second one. Let W be of type Ay,—1 and let I
be the automorphism of W induced by s; — s,,_; for all
i=1,...,2n—1.
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Topological models in the classical types: type B,

> The right model for a topological characterization of Mikado
braids is the second one. Let W be of type Ay,—1 and let I

be the automorphism of W induced by s; — s,,_; for all
i=1,...,2n—1. It induces an automorphism I of B(

w).
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Topological models in the classical types: type B,

> The right model for a topological characterization of Mikado
braids is the second one. Let W be of type Ay,—1 and let I
be the automorphism of W induced by s; — s,,_; for all
i=1,...,2n—1. It induces an automorphism I of B(W).
The subgroup B(W)" C B(W) of fixed points under [ is
isomorphic to B(W") and W' is of type B,.
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Topological models in the classical types: type B,

> The right model for a topological characterization of Mikado
braids is the second one. Let W be of type Ay,—1 and let I
be the automorphism of W induced by s; — s,,_; for all
i=1,...,2n—1. It induces an automorphism I of B(W).
The subgroup B(W)" C B(W) of fixed points under [ is
isomorphic to B(W") and W' is of type B,. It consists of
braids on 2n strands which are fixed under the automorphism
si — Spn—; (“symmetric braids").
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Topological models in the classical types: type B,

> The right model for a topological characterization of Mikado
braids is the second one. Let W be of type Ay,—1 and let I
be the automorphism of W induced by s; — s,,_; for all
i=1,...,2n—1. It induces an automorphism I of B(W).
The subgroup B(W)" C B(W) of fixed points under [ is
isomorphic to B(W") and W' is of type B,. It consists of
braids on 2n strands which are fixed under the automorphism
si — Spn—; (“symmetric braids").

Theorem (Digne-G., 2015)
Let B € B(W"). The following are equivalent
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Topological models in the classical types: type B,

> The right model for a topological characterization of Mikado
braids is the second one. Let W be of type Ay,—1 and let I
be the automorphism of W induced by s; — s,,_; for all
i=1,...,2n—1. It induces an automorphism I of B(W).
The subgroup B(W)" C B(W) of fixed points under [ is
isomorphic to B(W") and W' is of type B,. It consists of
braids on 2n strands which are fixed under the automorphism
si — Spn—; (“symmetric braids").

Theorem (Digne-G., 2015)
Let B € B(W"). The following are equivalent
1. The braid 8 is a Mikado braid.
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Topological models in the classical types: type B,

> The right model for a topological characterization of Mikado

braids is the second one. Let W be of type Ay,—1 and let I
be the automorphism of W induced by s; — s,,_; for all
i=1,...,2n—1. It induces an automorphism I of B(W).
The subgroup B(W)" C B(W) of fixed points under [ is
isomorphic to B(W") and W' is of type B,. It consists of
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braids on 2n strands which are fixed under the automorphism
si — Spn—; (“symmetric braids").

Topological models
in the classical

types
Theorem (Digne-G., 2015)
Let B € B(W"). The following are equivalent
1. The braid 8 is a Mikado braid.

2. There is an Artin braid in B(W) representing 3, such that
one can inductively remove pairs of symmetric strands, one
of the two strands being above all the other strands (so that
the symmetric one is under all the other strands).
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Topological models in the classical types:

Example (A Mikado braid in type Bs)

Second model: symmetric braids on 2n strands

type B,
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Topological models in the classical types:

Example (A Mikado braid in type Bs)

Second model: symmetric braids on 2n strands

type B,
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Topological models in the classical types:

Example (A Mikado braid in type Bs)

Second model: symmetric braids on 2n strands

type B,
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Topological models in the classical types:

Example (A Mikado braid in type Bs)

Second model: symmetric braids on 2n strands

type B,
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Topological models in the classical types:

Example (A Mikado braid in type Bs)

Second model: symmetric braids on 2n strands
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Topological models in the classical types:

Example (A Mikado braid in type Bs)

Second model: symmetric braids on 2n strands

type B,
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Topological models in the classical types:

Example (A Mikado braid in type Bs)

Second model: symmetric braids on 2n strands

N
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Topological models in the classical types:

Example (A Mikado braid in type Bs)

Second model: symmetric braids on 2n strands

N
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Topological models in the classical types:

Example (A Mikado braid in type Bs)

Second model: symmetric braids on 2n strands

WY

type B,
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Topological models in the classical types:

Example (A Mikado braid in type Bs)

Second model: symmetric braids on 2n strands
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Topological models in the classical types:

Example (A Mikado braid in type Bs)

Second model: symmetric braids on 2n strands

el
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Topological models in the classical types:

Example (A Mikado braid in type Bs)

Second model: symmetric braids on 2n strands

PN

type B,
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Topological models in the classical types: type B, seg simod
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Second model: symmetric braids on 2n strands
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Second model: symmetric braids on 2n strands
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Topological models in the classical types: type D,

» Take the Artin group B(W") of type B,, topologically
represented by symmetric braids. The generator s, € B(W)
lies in B(W"). Let B be the quotient of B(W') by s2 =1
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Topological models in the classical types: type D,

» Take the Artin group B(W") of type B,, topologically
represented by symmetric braids. The generator s, € B(W)
lies in B(W"). Let B be the quotient of B(W') by s2 =1
(“allow to invert middle crossings”).
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Topological models in the classical types: type D,

» Take the Artin group B(W") of type B,, topologically
represented by symmetric braids. The generator s, € B(W)
lies in B(W"). Let B be the quotient of B(W') by s2 =1
(“allow to invert middle crossings”).

Lemma (tomDieck '98, Allcock '02, Baumeister-G. '17)

Let W’ be a Coxeter group of type D,. Then B(W') can be
realized as an index two subgroup of B.
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Topological models in the classical types: type D,

» Take the Artin group B(W") of type B,, topologically
represented by symmetric braids. The generator s, € B(W)
lies in B(W"). Let B be the quotient of B(W') by s2 =1
(“allow to invert middle crossings”).

Lemma (tomDieck '98, Allcock '02, Baumeister-G. '17)

Let W’ be a Coxeter group of type D,. Then B(W') can be
realized as an index two subgroup of B. In particular, elements of
B(W') can be represented topologically.
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Topological models in the classical types: type D,

» Take the Artin group B(W") of type B,, topologically
represented by symmetric braids. The generator s, € B(W)
lies in B(W"). Let B be the quotient of B(W') by s2 =1
(“allow to invert middle crossings”).

Lemma (tomDieck '98, Allcock '02, Baumeister-G. '17)

Let W’ be a Coxeter group of type D,. Then B(W') can be
realized as an index two subgroup of B. In particular, elements of
B(W') can be represented topologically.

Theorem (Baumeister-G. 2017)
Let 3 € B(W') C B. The following are equivalent.
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Topological models in the classical types: type D,

» Take the Artin group B(W") of type B,, topologically
represented by symmetric braids. The generator s, € B(W)
lies in B(W"). Let B be the quotient of B(W') by s2 =1
(“allow to invert middle crossings”).

Lemma (tomDieck '98, Allcock '02, Baumeister-G. '17)

Let W’ be a Coxeter group of type D,. Then B(W') can be
realized as an index two subgroup of B. In particular, elements of
B(W') can be represented topologically.

Theorem (Baumeister-G. 2017)
Let 3 € B(W') C B. The following are equivalent.

1. The braid 5 is Mikado.
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Topological models in the classical types: type D,

» Take the Artin group B(W") of type B,, topologically
represented by symmetric braids. The generator s, € B(W)
lies in B(W"). Let B be the quotient of B(W') by s2 =1
(“allow to invert middle crossings”).

Lemma (tomDieck '98, Allcock '02, Baumeister-G. '17)

Let W’ be a Coxeter group of type D,. Then B(W') can be
realized as an index two subgroup of B. In particular, elements of
B(W') can be represented topologically.

Theorem (Baumeister-G. 2017)
Let 3 € B(W') C B. The following are equivalent.

1. The braid 5 is Mikado.

2. There is a Mikado braid ' € B(W") such that 3 = m(53'),
where T : B(W") — B is the quotient map.
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» Let A=2Z[v,v1].
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» Let A= Z[v,v!]. The Temperley-Lieb algebra TL,, is ligies

the associative, unital A-algebra with generators e

b1, bo,...,b,_1 and relations alechraslandidual
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Temperley-Lieb algebras

» Let A= Z[v,v!]. The Temperley-Lieb algebra TL,, is
the associative, unital A-algebra with generators
bi, by, ...,b,_1 and relations

1. bibjr1bi = bj, Vi,
2. bibj = bjbj, Vi,j such that |i — j| > 1,

Mikado braids,
Soergel bimodules,
and positivity in
Hecke and
Temperley-Lieb
algebras

111, Positivity in
Temperley-Lieb
algebras and dual
Garside structures
on Artin-Tits
groups

Thomas Gobet

Temperley-Lieb
algebras
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» Let A= Z[v,v!]. The Temperley-Lieb algebra TL,, is algebras
the associative, unital A-algebra with generators %‘,,,",,‘fr'ﬁ;;'_t,_yiéﬂ
b1, by, ..., bp_1 and relations e aructurcs
1 b b b b v on Artin-Tits
. DjDj+1b; = bj, VI, groups
2. b,bJ = bjb,’, Vl,j SUCh that |I __j| > 1v Thomas Gobet

3. 2= (v+v )b, Vi
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Temperley-Lieb algebras

» Let A= Z[v,v!]. The Temperley-Lieb algebra TL,, is
the associative, unital A-algebra with generators
bi, by, ...,b,_1 and relations
1. bibjr1bi = bj, Vi,
2. bibj = bjbj, Vi,j such that |i — j| > 1,
3. bF=(v+v b, Vi
» It can be realized as a quotient of H(&,) in at least
two different ways.
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Temperley-Lieb algebras Soergel bimecue,
and positivity in
Hecke and

Temperley-Lieb
p— . . | b
» Let A= Z[v,v!]. The Temperley-Lieb algebra TL,, is el
the associative, unital A-algebra with generators U
b1, bo,...,b,_1 and relations ot g
. on Artin-Tits
1 bibiilbi = biv v’, groups
2. b,bj = bjb,’, Vl,j such that |I __j| > 1, Thomas Gobet

3. bF=(v+v b, Vi

» It can be realized as a quotient of H(&,) in at least
two different ways. It is either the quotient by the Temperley-llieh
two-sided ideal / generated by the Cys, for all s, t € S slaebres
such that st # ts, or by the two-sided ideal I’ generated
by the Cl,, for all s,t € S such that st # ts.



Temperley-Lieb algebras

» Let A= Z[v,v!]. The Temperley-Lieb algebra TL,, is
the associative, unital A-algebra with generators
bi, by, ...,b,_1 and relations
L. bibi+1bi = bj, Vi,
2. bib; = bjb;, Vi, j such that |i — j| > 1,
3. bF=(v+v b, Vi
» It can be realized as a quotient of H(&,) in at least
two different ways. It is either the quotient by the
two-sided ideal | generated by the Cgs, for all s,t € S
such that st # ts, or by the two-sided ideal I’ generated
by the Cl,, for all s,t € S such that st # ts.

» We will work with the quotient map 0 : H(S,) — TL,
corresponding to the ideal /.
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Temperley-Lieb algebras

» Let A= Z[v,v!]. The Temperley-Lieb algebra TL,, is
the associative, unital A-algebra with generators
bi, by, ...,b,_1 and relations
L. bibi+1bi = bj, Vi,
2. bib; = bjb;, Vi, j such that |i — j| > 1,
3. bF=(v+v b, Vi
» It can be realized as a quotient of H(&,) in at least
two different ways. It is either the quotient by the
two-sided ideal | generated by the Cgs, for all s,t € S
such that st # ts, or by the two-sided ideal I’ generated
by the Cl,, for all s,t € S such that st # ts.

» We will work with the quotient map 0 : H(S,) — TL,
corresponding to the ideal /. In this case we have
O(Hs,) = v=! — b;.
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Temperley-Lieb algebras

» Let A= Z[v,v!]. The Temperley-Lieb algebra TL,, is
the associative, unital A-algebra with generators
bi, by, ...,b,_1 and relations
L. bibi+1bi = bj, Vi,
2. bib; = bjb;, Vi, j such that |i — j| > 1,
3. bF=(v+v b, Vi
» It can be realized as a quotient of H(&,) in at least
two different ways. It is either the quotient by the
two-sided ideal | generated by the Cgs, for all s,t € S
such that st # ts, or by the two-sided ideal I’ generated
by the Cl,, for all s,t € S such that st # ts.

» We will work with the quotient map 0 : H(S,) — TL,
corresponding to the ideal /. In this case we have
O(Hs,) = v=! — b;.

» Set 6 :=v+v L
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A A A
b1: 7b2: 7b3:
i VRN VRN

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

DA
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

b1 by by
by
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Diagrammatic version of the Temperley-Lieb

[

» Multiplication = concatenation

o]

» Multiplication by 6 = add a circle in the diagram

b1by by
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

N

b1 by by
by

i
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

U [ ]

b1 by by
by

m [ ]
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

U [ ] [ ]

b1 by by
by
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

b1by by

» Al

by
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

bs by

b1bs
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

S DA

S
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Diagrammatic version of the Temperley-Lieb

[

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

o]
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Diagrammatic version of the Temperley-Lieb

[

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

o]
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

UU b

[1[] by bs
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

e U b3 by
1A

b1bs
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

e U b3 by
i

b1bs
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

e U» b3 by
1A

b1bs
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

e u b3 by
_ﬁ_ _ —
A

b1bs
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Diagrammatic version of the Temperley-Lieb Wl

Soergel bimodules,
I b and positivity in
Hecke and
a ge ra Temperley-Lieb
algebras

U U U lll_l. PosiltivitLy. i:
by = ;b= , b3 = e e
i

m m Garside structures
on Artin-Tits
» Multiplication = concatenation groups
. . . . . . Thomas Gobet
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

SN L B

S I
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

bi
5by
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Diagrammatic version of the Temperley-Lieb

[

» Multiplication = concatenation

o]

» Multiplication by 6 = add a circle in the diagram

D C
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

\ bf

A 0by
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

\ bf

A 0by
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

\ bf

A 0by
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Diagrammatic version of the Temperley-Lieb
algebra

oo I e[ o] 2

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

\ bf

A 0by
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Diagrammatic version of the Temperley-Lieb

algebra

by =

g
i

[

g
i

» Multiplication = concatenation

» Multiplication by 6 = add a circle in the diagram

o]

g
i

0

g
i

||

bi
5by
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Diagrammatic version of the Temperley-Lieb

algebra

Multiplying generators b; yields (linear combinations of)
various diagrams. In case n = 4, there are 14 possible

diagrams:

AL

|

/A

L 84

'z}

LA

N N
aan {a\ (o)

Il

|
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Diagrammatic version of the Temperley-Lieb
algebra

Multiplying generators b; yields (linear combinations of)
various diagrams. In case n = 4, there are 14 possible
diagrams:

LD ZDNLZ TN

/AN ||
These diagrams, which form a basis of the obtained diagram
algebra, form a basis of the algebra.
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Fully commutative elements

Definition (Fully commutative elements)

Let x € G,. We say that x is fully commutative if one can
pass from any reduced expression of x to any other just by
applying a sequence of commutation relations s;s; = s;s;,
|i —j| > 1.
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Fully commutative elements

Definition (Fully commutative elements)

Let x € G,. We say that x is fully commutative if one can
pass from any reduced expression of x to any other just by
applying a sequence of commutation relations s;s; = s;s;,
|i —j| > 1. We write FC(&,)) for the set of fully
commutative elements in &,,.
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Fully commutative elements

Definition (Fully commutative elements)

Let x € G,. We say that x is fully commutative if one can
pass from any reduced expression of x to any other just by
applying a sequence of commutation relations s;s; = s;s;,
|i —j| > 1. We write FC(&,)) for the set of fully
commutative elements in &,,.

» Example: there are 5 fully commutative elements in G3:
€, 52, 51, S152, S251-
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Fully commutative elements

Definition (Fully commutative elements)

Let x € G,. We say that x is fully commutative if one can
pass from any reduced expression of x to any other just by
applying a sequence of commutation relations s;s; = s;s;,
|i —j| > 1. We write FC(&,)) for the set of fully
commutative elements in &,,.

» Example: there are 5 fully commutative elements in G3:
€, S, S1, 5152, S$»S1. The element sysp51 = sps15» is not
f.c. since you need a braid relation of length 3 to relate
its two reduced expressions.
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Fully commutative elements

Definition (Fully commutative elements)

Let x € G,. We say that x is fully commutative if one can
pass from any reduced expression of x to any other just by
applying a sequence of commutation relations s;s; = s;s;,
|i —j| > 1. We write FC(&,)) for the set of fully
commutative elements in &,,.

» Example: there are 5 fully commutative elements in G3:

€, S, S1, 5152, S$»S1. The element sysp51 = sps15» is not
f.c. since you need a braid relation of length 3 to relate
its two reduced expressions.

> Let x be fully commutative, let s; s, - - - s;, be a reduced
expression.
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Fully commutative elements

Definition (Fully commutative elements)

Let x € G,. We say that x is fully commutative if one can
pass from any reduced expression of x to any other just by
applying a sequence of commutation relations s;s; = s;s;,
|i —j| > 1. We write FC(&,)) for the set of fully
commutative elements in &,,.

» Example: there are 5 fully commutative elements in G3:
€, S, S1, 5152, S$»S1. The element sysp51 = sps15» is not
f.c. since you need a braid relation of length 3 to relate
its two reduced expressions.

> Let x be fully commutative, let s; s, - - - s;, be a reduced
expression. As a consequence of the TL defining
relations, the element

bX = b,'lb,'2 e b,‘k

is well-defined.
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The set { b }xcrc(s,) s an A-basis of TLj,.
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The set {bx}xerc(s,) is an A-basis of TL,. We call it the
monomial basis.
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Monomial or Kazhdan-Lusztig basis

Proposition (Jones)
The set {bx}xcrc(s,) is an A-basis of TL,. We call it the

monomial basis.

» In the diagrammatic version, this basis is precisely given
by the set of all planar diagrams.

Theorem (Fan and Green, 1997)

The basis {bx }xcrc(s,) is (up to signature) the projection of
the basis {Cy }wew of H(S,) under 0,
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Monomial or Kazhdan-Lusztig basis

Proposition (Jones)

The set {bx}xcrc(s,) is an A-basis of TL,. We call it the
monomial basis.

» In the diagrammatic version, this basis is precisely given
by the set of all planar diagrams.

Theorem (Fan and Green, 1997)

The basis {bx }xcrc(s,) is (up to signature) the projection of
the basis {Cy, }wew of H(S,) under 0, that is, we have
0(Cy) = (—1)Mp,, if w € FC(S,) and 6(C,) =0

otherwise.
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» The aim now is to introduce other bases of TL,, using
dual Garside structures on B,,.
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Garside monoids

» The aim now is to introduce other bases of TL,, using
dual Garside structures on B,. Before introducing
Garside structures, we give a few definitions.

Definition (Cancellability)

A monoid M is left-cancellable (resp. right-cancellable) if
whenever ab = ac (resp. ba = ca) with a, b,c € M, we have

b=c.
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Garside monoids

» The aim now is to introduce other bases of TL,, using
dual Garside structures on B,. Before introducing
Garside structures, we give a few definitions.

Definition (Cancellability)

A monoid M is left-cancellable (resp. right-cancellable) if
whenever ab = ac (resp. ba = ca) with a, b,c € M, we have
b = c.It is cancellable if it is both left- and right-cancellable.
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Garside monoids

» The aim now is to introduce other bases of TL,, using
dual Garside structures on B,. Before introducing
Garside structures, we give a few definitions.

Definition (Cancellability)

A monoid M is left-cancellable (resp. right-cancellable) if
whenever ab = ac (resp. ba = ca) with a, b,c € M, we have
b = c.It is cancellable if it is both left- and right-cancellable.

Definition (Divisors)

Let M be a monoid, a € M.
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Garside monoids

» The aim now is to introduce other bases of TL,, using
dual Garside structures on B,. Before introducing
Garside structures, we give a few definitions.

Definition (Cancellability)

A monoid M is left-cancellable (resp. right-cancellable) if
whenever ab = ac (resp. ba = ca) with a, b,c € M, we have
b = c.It is cancellable if it is both left- and right-cancellable.

Definition (Divisors)

Let M be a monoid, a € M. We say that b € M left-divides
(resp. right-divides) a € M if there is ¢ € M such that
bc = a (resp. a = cb).
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Garside monoids

Definition (Noetherian divisibility)

We say that the divisibility in a monoid M is Noetherian if
there exists A : M — Z>( such that \(fg) > A(f) + A(g)
and g #1 = A(g) #0.

» In a monoid M with Noetherian divisibility, the
(left-)divisibility < is a partial order on M.
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Garside monoids

Definition (Noetherian divisibility)

We say that the divisibility in a monoid M is Noetherian if
there exists A : M — Z>( such that \(fg) > A(f) + A(g)
and g #1 = A(g) #0.

» In a monoid M with Noetherian divisibility, the
(left-)divisibility < is a partial order on M. Hence we
can speak about least common (left-)multiples and
greatest common (left-)divisors in such a monoid (if
they exist !).
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Garside monoids

Definition (Noetherian divisibility)

We say that the divisibility in a monoid M is Noetherian if
there exists A : M — Z>( such that \(fg) > A(f) + A(g)
and g #1 = A(g) #0.

» In a monoid M with Noetherian divisibility, the
(left-)divisibility < is a partial order on M. Hence we
can speak about least common (left-)multiples and
greatest common (left-)divisors in such a monoid (if
they exist !).

» Note that in a monoid M with Noetherian divisibility,
every nontrivial element has infinite order and there are
no nontrivial invertible elements.
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A Garside monoid is a pair (M, A) where M is a monoid and
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A Garside monoid is a pair (M, A) where M is a monoid and

1. M is cancellable,
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Garside monoids

Definition (Garside monoid (Dehornoy and Paris, 1999))
A Garside monoid is a pair (M, A) where M is a monoid and

1. M is cancellable,
2. The divisibility in M is Noetherian,
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Garside monoids

Definition (Garside monoid (Dehornoy and Paris, 1999))
A Garside monoid is a pair (M, A) where M is a monoid and
1. M is cancellable,

2. The divisibility in M is Noetherian,

3. Any two elements of M have left- and right-lcm and a
left- and a right- gcd,
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Garside monoids

Definition (Garside monoid (Dehornoy and Paris, 1999))
A Garside monoid is a pair (M, A) where M is a monoid and

1.

2
3

M is cancellable,

. The divisibility in M is Noetherian,

. Any two elements of M have left- and right-lcm and a
left- and a right- gcd,

. A'is a Garside element of M, that is, left- and right-
divisors of A coincide and generate M,
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Garside monoids

Definition (Garside monoid (Dehornoy and Paris, 1999))
A Garside monoid is a pair (M, A) where M is a monoid and

1. M is cancellable,

2. The divisibility in M is Noetherian,

3. Any two elements of M have left- and right-lcm and a
left- and a right- gcd,

4. Ais a Garside element of M, that is, left- and right-
divisors of A coincide and generate M,

5. The set of all divisors of A is finite.
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Garside monoids

Definition (Garside monoid (Dehornoy and Paris, 1999))
A Garside monoid is a pair (M, A) where M is a monoid and

1. M is cancellable,

2. The divisibility in M is Noetherian,

3. Any two elements of M have left- and right-lcm and a
left- and a right- gcd,

4. Ais a Garside element of M, that is, left- and right-
divisors of A coincide and generate M,

5. The set of all divisors of A is finite.

» Under the above assumptions, one can define a group
G(M) of left-fractions of M, that is, whose elements
are f~1g for f,g € M, in which M embeds.
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A Garside group G is the group of (left-)fractions of a Garside
monoid (M, A).
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Spherical Artin-Tits groups are Garside groups

Definition

A Garside group G is the group of (left-)fractions of a Garside
monoid (M, A).

> Let (W, S) be a finite Coxeter system with Artin-Tits group
B(W). Let B(W)* be the positive braid monoid, defined by
the same presentation as B(W) (but as monoid).
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Spherical Artin-Tits groups are Garside groups

Definition

A Garside group G is the group of (left-)fractions of a Garside
monoid (M, A).

> Let (W, S) be a finite Coxeter system with Artin-Tits group
B(W). Let B(W)* be the positive braid monoid, defined by
the same presentation as B(W) (but as monoid).

Fact

Every finite Coxeter group has a unique element wy of maximal

length.
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Spherical Artin-Tits groups are Garside groups

Definition

A Garside group G is the group of (left-)fractions of a Garside
monoid (M, A).

> Let (W, S) be a finite Coxeter system with Artin-Tits group
B(W). Let B(W)* be the positive braid monoid, defined by
the same presentation as B(W) (but as monoid).

Fact

Every finite Coxeter group has a unique element wy of maximal
length. Write A for the canonical lift of wy in B(W)™.
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Spherical Artin-Tits groups are Garside groups

Definition

A Garside group G is the group of (left-)fractions of a Garside
monoid (M, A).

> Let (W, S) be a finite Coxeter system with Artin-Tits group
B(W). Let B(W)* be the positive braid monoid, defined by
the same presentation as B(W) (but as monoid).

Fact

Every finite Coxeter group has a unique element wy of maximal
length. Write A for the canonical lift of wy in B(W)™.

Theorem (Garside, 1967)

The Artin-Tits group B(W) is a Garside group, with
corresponding Garside monoid (B(W)*, A) and we have
{Div. of A} = {x,x € W}.
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» The lattice (A, <) is given by
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» The lattice (A, <) is given by

$18281 = 828152

S182 S281
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Example: W = Gs. Soergel bimadues,
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» The set of right divisors of A is the same, but the poset
is different.

» The set S is contained in the set of left divisors of A;
these divisors therefore generate M.
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» In Garside groups, one can show the existence of normal
forms for the elements of the group.
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Alternative Garside structures

» In Garside groups, one can show the existence of normal
forms for the elements of the group.

» In the case of B(W), these normal forms are central in
the study of the word and conjugacy problem.
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Alternative Garside structures

» In Garside groups, one can show the existence of normal
forms for the elements of the group.

» In the case of B(W), these normal forms are central in
the study of the word and conjugacy problem. The
Garside structure is also crucial in Krammer's proof that
braid groups are linear (and proofs of 2-linearity of
categorifications of Artin-Tits groups).
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Alternative Garside structures

» In Garside groups, one can show the existence of normal
forms for the elements of the group.

» In the case of B(W), these normal forms are central in
the study of the word and conjugacy problem. The
Garside structure is also crucial in Krammer's proof that
braid groups are linear (and proofs of 2-linearity of
categorifications of Artin-Tits groups).

» In general, Garside structures are not unique.
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Alternative Garside structures

» In Garside groups, one can show the existence of normal
forms for the elements of the group.

» In the case of B(W), these normal forms are central in
the study of the word and conjugacy problem. The
Garside structure is also crucial in Krammer's proof that
braid groups are linear (and proofs of 2-linearity of
categorifications of Artin-Tits groups).

» In general, Garside structures are not unique. For
example, one can show that a power of a Garside
element is again a Garside element.
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Alternative Garside structures

In Garside groups, one can show the existence of normal
forms for the elements of the group.

In the case of B(W), these normal forms are central in
the study of the word and conjugacy problem. The
Garside structure is also crucial in Krammer's proof that
braid groups are linear (and proofs of 2-linearity of
categorifications of Artin-Tits groups).

In general, Garside structures are not unique. For
example, one can show that a power of a Garside
element is again a Garside element.

We will now introduce alternative Garside structures on
spherical Artin-Tits groups.
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Alternative Garside structures

In Garside groups, one can show the existence of normal
forms for the elements of the group.

In the case of B(W), these normal forms are central in
the study of the word and conjugacy problem. The
Garside structure is also crucial in Krammer's proof that
braid groups are linear (and proofs of 2-linearity of
categorifications of Artin-Tits groups).

In general, Garside structures are not unique. For
example, one can show that a power of a Garside
element is again a Garside element.

We will now introduce alternative Garside structures on
spherical Artin-Tits groups. Originally, they were
introduced to improve the solutions to the word and
conjugacy problems in braid groups.
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Alternative Garside structures

In Garside groups, one can show the existence of normal
forms for the elements of the group.

In the case of B(W), these normal forms are central in
the study of the word and conjugacy problem. The
Garside structure is also crucial in Krammer's proof that
braid groups are linear (and proofs of 2-linearity of
categorifications of Artin-Tits groups).

In general, Garside structures are not unique. For
example, one can show that a power of a Garside
element is again a Garside element.

We will now introduce alternative Garside structures on
spherical Artin-Tits groups. Originally, they were
introduced to improve the solutions to the word and
conjugacy problems in braid groups. They will turn out
to be related to Temperley-Lieb algebras.
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» Define the left weak order <s on W by setting x <5y
if £(x) + (x7y) = £(y).
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» Define the left weak order <s on W by setting x <5y
if £(x) + €(x"ty) = {(y). Thatis, x is a prefix of y.
» |t can be shown that

B(W)" = (x,xc W|xz=yif x<syand z=x"1y).
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An alternative presentation of the positive braid
monoid

» Define the left weak order <5 on W by setting x <5 y
if £(x) + €(x"ty) = {(y). Thatis, x is a prefix of y.
> It can be shown that

B(W)t = (x,x € W |xz=yifx <syandz=x"ly).

» The generating set x, x € W above is precisely the set
of divisors of the Garside element A (also called simple
elements).
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An alternative presentation of the positive braid
monoid

» Define the left weak order <5 on W by setting x <5 y
if £(x) + €(x"ty) = {(y). Thatis, x is a prefix of y.
> It can be shown that

B(W)t = (x,x € W |xz=yifx <syandz=x"ly).

» The generating set x, x € W above is precisely the set
of divisors of the Garside element A (also called simple
elements). Under suitable conditions, presentations of
this kind always define a Garside monoid.
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An alternative presentation of the positive braid
monoid

» Define the left weak order <5 on W by setting x <5 y
if £(x) + €(x"ty) = {(y). Thatis, x is a prefix of y.
> It can be shown that

B(W)t = (x,x € W |xz=yifx <syandz=x"ly).

» The generating set x, x € W above is precisely the set
of divisors of the Garside element A (also called simple
elements). Under suitable conditions, presentations of
this kind always define a Garside monoid. The poset (in
fact, the lattice I) ({Div. of A}, <) is isomorphic to
(W, <s).
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An alternative presentation of the positive braid
monoid

» Define the left weak order <5 on W by setting x <5 y
if £(x) + €(x"ty) = {(y). Thatis, x is a prefix of y.
> It can be shown that

B(W)t = (x,x € W |xz=yifx <syandz=x"ly).

» The generating set x, x € W above is precisely the set
of divisors of the Garside element A (also called simple
elements). Under suitable conditions, presentations of
this kind always define a Garside monoid. The poset (in
fact, the lattice I) ({Div. of A}, <) is isomorphic to
(W, <s).

» The idea of dual braid monoids is to replace the
generating set S of W by the set T of all the
reflections, and build a monoid as above.
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Dual approaches to Coxeter and Artin groups

» Let W = &,,. To define a new Garside structure on B,,
we begin by studying W together with the set of
generators T (=the whole set of transpositions).
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Dual approaches to Coxeter and Artin groups

» Let W = &,,. To define a new Garside structure on B,,
we begin by studying W together with the set of
generators T (=the whole set of transpositions). Let /1
be the corresponding length function (the reflection
length).
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Dual approaches to Coxeter and Artin groups

» Let W = &,,. To define a new Garside structure on B,,
we begin by studying W together with the set of
generators T (=the whole set of transpositions). Let /1
be the corresponding length function (the reflection

length).

» The function {7 is additive with respect to the cycle
decomposition of a permutation and the length of a
cycle ¢ = (i1, 2, . .

Lik) is k— 1.
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Dual approaches to Coxeter and Artin groups

» Let W = &,,. To define a new Garside structure on B,,
we begin by studying W together with the set of
generators T (=the whole set of transpositions). Let /1
be the corresponding length function (the reflection
length).

» The function {7 is additive with respect to the cycle
decomposition of a permutation and the length of a
cycle ¢ = (i1, fay...,ix) is k — 1. In particular, elements
of maximal reflection length are the n-cycles.
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Dual approaches to Coxeter and Artin groups

» Let W = &,,. To define a new Garside structure on B,,
we begin by studying W together with the set of
generators T (=the whole set of transpositions). Let /1
be the corresponding length function (the reflection
length).

» The function {7 is additive with respect to the cycle
decomposition of a permutation and the length of a
cycle ¢ = (i1, fay...,ix) is k — 1. In particular, elements
of maximal reflection length are the n-cycles.

Definition (Coxeter element)

A Coxeter element is a product of all the elements of S, in
some order. Is is an n-cycle.
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» Define the absolute order <t on &, by setting x <ty
if

0r(x) + Lr(x7y) = t1(y).
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Absolute order on a Coxeter group

» Define the absolute order <1 on G, by setting x <71y
if

0r(x) + er(x7ty) = Lr(y).
» Unlike <g, the order <7 does not endow &, with a

lattice structure : all the n-cycles have maximal
reflection length !
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Absolute order on a Coxeter group

» Define the absolute order <1 on G, by setting x <71y
if

0r(x) + er(x7ty) = Lr(y).
» Unlike <g, the order <7 does not endow &, with a

lattice structure : all the n-cycles have maximal
reflection length !

» Fix a Coxeter element c.
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Absolute order on a Coxeter group

» Define the absolute order <1 on G, by setting x <71y
if

0r(x) + er(x7ty) = Lr(y).
» Unlike <g, the order <7 does not endow &, with a

lattice structure : all the n-cycles have maximal
reflection length !

» Fix a Coxeter element c. Let P. = {x € W | x <t c}.
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Absolute order on a Coxeter group

» Define the absolute order <1 on G, by setting x <71y
if

0r(x) + er(x7ty) = Lr(y).
» Unlike <g, the order <7 does not endow &, with a

lattice structure : all the n-cycles have maximal
reflection length !

» Fix a Coxeter element c. Let P. = {x € W | x <t c}.

Proposition (Biane, 1997)

The poset (P, <T) is a lattice, isomorphic to the
noncrossing partition lattice.
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Mikado braids,
Soergel bimodules,
and positivity in

Hecke and
algebras
A noncrossing partition is a partition m of {1,2,..., n} such I toly
. . mperley-
that the following never happens: Bi, B, are two distinct sl
arside structures
blocks of m with i,j € By, k,f € By and i < k < j < 4. on Artin-Tits
groups
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Noncrossing partitions

Definition

A noncrossing partition is a partition m of {1,2,..., n} such
that the following never happens: Bj, B, are two distinct
blocks of 7w with i,j € By, k,£ € By and i < k < j < /.

{{1,6},{4},{2,3,5}}

5 4
» Ordering each polygon in clockwise order yields a per-
mutation o(7) in &, (polygons correspond to cycles).
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Noncrossing partitions

Definition

A noncrossing partition is a partition m of {1,2,..., n} such
that the following never happens: Bj, B, are two distinct
blocks of 7w with i,j € By, k,£ € By and i < k < j < /.

{{1,6},{4},{2,3,5}}

5 4
» Ordering each polygon in clockwise order yields a per-
mutation o(7) in &, (polygons correspond to cycles).
» We have x <7 ¢ =(1,2,...,n) if and only if there is a
noncrossing partition 7 with x = o (7).
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Noncrossing partitions

Definition

A noncrossing partition is a partition m of {1,2,..., n} such
that the following never happens: Bj, B, are two distinct
blocks of 7w with i,j € By, k,£ € By and i < k < j < /.

{{1,6},{4},{2,3,5}}

5 4
» Ordering each polygon in clockwise order yields a per-
mutation o(7) in &, (polygons correspond to cycles).
» We have x <7 ¢ =(1,2,...,n) if and only if there is a
noncrossing partition m with x = (7). The order <t
corresponds to the refinement order on noncrossing
partitions.
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Noncrossing partitions

» Since all Coxeter elements are conjugate and T is stable
by conjugation, (P., <7) is isomorphic to the n.p.
lattice for all c. For every c, there exists pictural
descriptions of c-noncrossing partitions as disjoint
unions of polygons with vertices on a circle with a
labeling depending on c.
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Noncrossing partitions

» Since all Coxeter elements are conjugate and T is stable
by conjugation, (P., <7) is isomorphic to the n.p.
lattice for all c¢. For every c, there exists pictural
descriptions of c-noncrossing partitions as disjoint
unions of polygons with vertices on a circle with a
labeling depending on c.

» Everything which we did can be done for every finite
Coxeter group: replace the transpositions by the
reflections to define /1 and <7, Coxeter elements are
products of the elements of S.
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Noncrossing partitions

» Since all Coxeter elements are conjugate and T is stable
by conjugation, (P., <7) is isomorphic to the n.p.
lattice for all c¢. For every c, there exists pictural
descriptions of c-noncrossing partitions as disjoint
unions of polygons with vertices on a circle with a
labeling depending on c.

» Everything which we did can be done for every finite
Coxeter group: replace the transpositions by the
reflections to define /1 and <7, Coxeter elements are
products of the elements of S. It can be shown that
(Pc, <7) is always a lattice.
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Noncrossing partitions

» Since all Coxeter elements are conjugate and T is stable
by conjugation, (P., <7) is isomorphic to the n.p.
lattice for all c¢. For every c, there exists pictural
descriptions of c-noncrossing partitions as disjoint
unions of polygons with vertices on a circle with a
labeling depending on c.

» Everything which we did can be done for every finite
Coxeter group: replace the transpositions by the
reflections to define /1 and <7, Coxeter elements are
products of the elements of S. It can be shown that
(Pc, <7) is always a lattice. Noncrossing partition
models for the poset (P., <7) exist in the classical
types.
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» Let W be a finite Coxeter group with set of reflections
T and c be a Coxeter element.

DA

Mikado braids,
Soergel bimodules,
and positivity in
Hecke and
Temperley-Lieb
algebras

111, Positivity in
Temperley-Lieb
algebras and dual
Garside structures
on Artin-Tits
groups

Thomas Gobet

Topological models
in the classical
types

Temperley-Lieb
algebras

Garside monoids
and groups

Dual braid
monoids
Positivity in
Temperley-Lieb
algebra



» Let W be a finite Coxeter group with set of reflections
T and c be a Coxeter element. Let
Po:={xeW]|x<7c}
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Dual braid monoids

» Let W be a finite Coxeter group with set of reflections
T and c be a Coxeter element. Let
Pc.:={x € W | x <t c}. It can be shown that T C P,
for all c.

Definition (dual braid monoids)

The dual braid monoid B is defined by

B: = <XC7X € P, ‘ XC(X_ly)C =y ifx <t y>'
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Dual braid monoids

» Let W be a finite Coxeter group with set of reflections
T and c be a Coxeter element. Let
Pc.:={x € W | x <t c}. It can be shown that T C P,
for all c.

Definition (dual braid monoids)

The dual braid monoid B is defined by

B: = <XC7X € P ‘ XC(X_l_y)C = Ye if x <t y>'

Theorem (Bessis, 2004)

The monoid (B, cc) is a Garside monoid with
(Pe, <7) = ({Div. of c.},<).
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Dual braid monoids

» Let W be a finite Coxeter group with set of reflections
T and c be a Coxeter element. Let
Pc.:={x € W | x <t c}. It can be shown that T C P,
for all c.

Definition (dual braid monoids)

The dual braid monoid B is defined by

B: = <XC7X € P ‘ XC(X_l_y)C = Ye if x <t y>'

Theorem (Bessis, 2004)

The monoid (B, cc) is a Garside monoid with
(Pe,<7) = ({Div. of c.},<). It embeds in B(W) and
B(W) is the group of fractions of (BZ, c.).
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Dual braid monoids

» Let W be a finite Coxeter group with set of reflections
T and c be a Coxeter element. Let
Pc.:={x € W | x <t c}. It can be shown that T C P,
for all c.

Definition (dual braid monoids)

The dual braid monoid B is defined by

B: = <XC7X € P ‘ XC(X_l_y)C = Ye if x <t y>'

Theorem (Bessis, 2004)

The monoid (B}, c.) is a Garside monoid with

(Pe, <7) = ({Div. of c.},<). It embeds in B(W) and
B(W) is the group of fractions of (BZ, c.). We have
{Div. of cc} = {xc,x € P.} and call its elements simple
dual braids.
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Dual braid monoids

» To generate B}, it suffices to take as generating set
T :={tc,t € T}. In that case a presentation is given
by

B = (te,t € T | tetl = (tt't)cte if tt' <7 ).

This is the analogue of the original presentation of
B(W)*. The above relations are called (c-)dual braid
relations.
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Dual braid monoids

» To generate B}, it suffices to take as generating set
T :={tc,t € T}. In that case a presentation is given
by

B: = <tC7 t e T | tcté — (tt,t)ctc |f tt/ ST C>.

This is the analogue of the original presentation of
B(W)™. The above relations are called (c-)dual braid
relations.

» The embedding ¢ : B — B(W) is hard to describe in
general (and the proof of its existence requires a
case-by-case investigation).

Mikado braids,
Soergel bimodules,
and positivity in
Hecke and
Temperley-Lieb
algebras

111, Positivity in
Temperley-Lieb
algebras and dual
Garside structures
on Artin-Tits
groups

Thomas Gobet

Dual braid
monoids



Dual braid monoids

» To generate B}, it suffices to take as generating set
T :={tc,t € T}. In that case a presentation is given
by

B: = <tC7 t e T | tcté — (tt,t)ctc |f tt/ ST C>.

This is the analogue of the original presentation of
B(W)™. The above relations are called (c-)dual braid
relations.

» The embedding ¢ : B — B(W) is hard to describe in
general (and the proof of its existence requires a
case-by-case investigation). We have that ¢(s.) =s for
all s € S, but to express all the elements t., (and then
all the x., x € P.) in the classical generators one needs
in general to inductively apply the dual braid relations.
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Dual braid monoids

» To generate B}, it suffices to take as generating set
T :={tc,t € T}. In that case a presentation is given
by

B: = <tC7 t e T | tcté — (tt,t)ctc |f tt/ ST C>.

This is the analogue of the original presentation of
B(W)™. The above relations are called (c-)dual braid
relations.

» The embedding ¢ : B — B(W) is hard to describe in
general (and the proof of its existence requires a
case-by-case investigation). We have that ¢(s.) =s for
all s € S, but to express all the elements t., (and then
all the x., x € P.) in the classical generators one needs
in general to inductively apply the dual braid relations.

» Question: is there a nice formula for ¢(x.) in the
generators S 7
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» We simply denote ¢(xc) by xc.

DA

on Artin-Tits
groups

Thomas Gobet

Topological models
in the classical
types

Temperley-Lieb
algebras

Garside monoids
and groups

Dual braid
monoids
Positivity in
Temperley-Lieb
algebra



Example: type W =G,

» We simply denote ¢(xc) by xc.

» In By, let c =(1,2,...,n). For t =(i,j), i <j the
generator t. of B} is given by the Artin braid which
exchanges the strands / and j, with the strand j above.
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Example: type W =G,

» We simply denote ¢(xc) by xc.
» In By, let c =(1,2,...,n). For t =(i,j), i <j the
generator t. of B} is given by the Artin braid which

exchanges the strands / and j, with the strand j above.

All the other strands are unbraided and every strand k
for i < k < j is above the crossing.
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Example: type W =G,

» We simply denote ¢(xc) by xc.

» In By, let c =(1,2,...,n). For t =(i,j), i <j the
generator t. of B} is given by the Artin braid which

exchanges the strands / and j, with the strand j above.

All the other strands are unbraided and every strand k

for i < k < j is above the crossing.

S B W NN =

D OB Ww N =

\ /
N %

X
AN
AVIN

123 456
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Example: type W =G,

» We simply denote ¢(xc) by xc.

» In By, let c =(1,2,...,n). For t =(i,j), i <j the
generator t. of B} is given by the Artin braid which

exchanges the strands / and j, with the strand j above.

All the other strands are unbraided and every strand k

for i < k < j is above the crossing.

S B W NN =
D OB Ww N =

» For every x € P., the Artin braid x. is obtained first by

\ /
N %

X
AN
AVIN

123 456

taking a T-reduced expression x = titp---ty, t; € T

and then we have xc = (t1)c(t2)c - - (tk)e-
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» We have |P.| =

1
n+1

(

2n
n

) = dim(TL,).
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Link with Temperley-Lieb algebras

» We have |P.| = ﬁ(i”) = dim(TL,).
» Let ¢ : B, — TL,, s; — v~! — b; be the composition
of p: By, — H(S,) and 0 : H(S,) — TL,.

Theorem (Zinno 2002, Vincenti 2007, Lee-Lee 2010, G.
2014)

Let ¢ be a Coxeter element. The set {1)(xc) | x € Pc} is an
A-basis of TL,,.
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Link with Temperley-Lieb algebras

» We have |P.| = ﬁ(i”) = dim(TL,).
» Let ¢ : B, — TL,, s; — v~! — b; be the composition
of p: By, — H(S,) and 0 : H(S,) — TL,.

Theorem (Zinno 2002, Vincenti 2007, Lee-Lee 2010, G.
2014)

Let ¢ be a Coxeter element. The set {1)(xc) | x € Pc} is an
A-basis of TL,,.

Theorem (G., 2014)

Let ¢ be a Coxeter element. There is a triangular base
change between {1(xc)bxep, and {bu hwerc(en):
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Link with Temperley-Lieb algebras

» We have |P.| = ﬁ(i”) = dim(TL,).
» Let ¢ : B, — TL,, s; — v~! — b; be the composition

of p: By, — H(S,) and 0 : H(S,) — TL,.

Theorem (Zinno 2002, Vincenti 2007, Lee-Lee 2010, G.
2014)

Let ¢ be a Coxeter element. The set {1)(xc) | x € Pc} is an
A-basis of TL,,.

Theorem (G., 2014)

Let ¢ be a Coxeter element. There is a triangular base
change between {1(xc)}xep. and {bw}werc(s,)- To get this
base change, one has to exhibit a bijection P. — FC(Sp)
and an order <11, on P-.
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Link with Temperley-Lieb algebras

» We have |P.| = n+1( ") = dim(TL5,).

» Let ¢ : B, — TL,, s; — v~! — b; be the composition
of p: By, — H(S,) and 0 : H(S,) — TL,.

Theorem (Zinno 2002, Vincenti 2007, Lee-Lee 2010, G.
2014)

Let ¢ be a Coxeter element. The set {1)(xc) | x € Pc} is an
A-basis of TL,,.

Theorem (G., 2014)

Let ¢ be a Coxeter element. There is a triangular base
change between {1(xc)}xep. and {bw }werc(s,)- To get this
base change, one has to exhibit a bijection P — FC(Sh)
and an order <1, on P.. The poset (P, <t1,) is isomorphic
to the lattice of order ideals in the type A, root poset.
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Positivity in Temperley-Lieb algebras

Theorem (Digne-G., 2015)

Let ¢ be a Coxeter element in &, x € P-.. Then

Y(xc) € Z (_1)€(W)ZZO[Vi1]bW~

weFC(Gn)

> Recall that the basis {by }crc(s,) is (up to signature)
the projection of Kazhdan-Lusztig basis {Cy }wew.
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Positivity in Temperley-Lieb algebras

Theorem (Digne-G., 2015)
Let ¢ be a Coxeter element in &, x € P-.. Then

Y(xc) € Z (_1)€(W)ZZO[Vi1]bW~

weFC(Gn)

> Recall that the basis {by }crc(s,) is (up to signature)
the projection of Kazhdan-Lusztig basis {Cy }wew.

» The above theorem is proven using Mikado braids and
Dyer positivity: we will explain how.
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Positivity in Temperley-Lieb algebras

Theorem (Digne-G., 2015)

Let ¢ be a Coxeter element in &, x € P-.. Then

> (1) ™Mz [vE ] by,
weFC(Gn)

Y(xc) €

> Recall that the basis {by }crc(s,) is (up to signature)
the projection of Kazhdan-Lusztig basis {Cy }wew.

» The above theorem is proven using Mikado braids and
Dyer positivity: we will explain how.

» Open problem: find a combinatorial proof of the above
positivity theorem.

Mikado braids,
Soergel bimodules,
and positivity in
Hecke and
Temperley-Lieb
algebras

111, Positivity in
Temperley-Lieb
algebras and dual
Garside structures
on Artin-Tits
groups

Thomas Gobet

Positivity in
Temperley-Lieb
algebra



DA

Garside structures
on Artin-Tits
groups

Thomas Gobet

Topological models
in the classical
types

Temperley-Lieb
algebras

Garside monoids
and groups

Dual braid
monoids
Positivity in
Temperley-Lieb
algebra



» Since © factors through H (W) via 6, the theorem holds
as a consequence of
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Simple dual braids are Mikado braids

» Since v factors through H (W) via 6, the theorem holds
as a consequence of

Conjecture (Digne-G., 2015, proven by Digne-G. '15,
Licata-Queffelec '17, Baumeister-G. '17)

Let W be a finite Coxeter group, ¢ a Coxeter element,
x € P.. Then x. is a Mikado braid.
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Simple dual braids are Mikado braids

» Since v factors through H (W) via 6, the theorem holds
as a consequence of

Conjecture (Digne-G., 2015, proven by Digne-G. '15,
Licata-Queffelec '17, Baumeister-G. '17)

Let W be a finite Coxeter group, ¢ a Coxeter element,
x € P.. Then x. is a Mikado braid.

» Digne and G. treated all the irreducible W except type
Dy, using the topological models for Mikado braids in
the classical types.
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Simple dual braids are Mikado braids

» Since v factors through H (W) via 6, the theorem holds
as a consequence of

Conjecture (Digne-G., 2015, proven by Digne-G. '15,
Licata-Queffelec '17, Baumeister-G. '17)

Let W be a finite Coxeter group, ¢ a Coxeter element,
x € P.. Then x. is a Mikado braid.

» Digne and G. treated all the irreducible W except type
Dy, using the topological models for Mikado braids in
the classical types.

» Licata and Queffelec treated types Ap, Dy, E, using a
categorification of the Artin group in a homotopy
category of projective modules over a zigzag algebra.
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Simple dual braids are Mikado braids

» Since v factors through H (W) via 6, the theorem holds
as a consequence of

Conjecture (Digne-G., 2015, proven by Digne-G. '15,
Licata-Queffelec '17, Baumeister-G. '17)

Let W be a finite Coxeter group, ¢ a Coxeter element,
x € P.. Then x. is a Mikado braid.

» Digne and G. treated all the irreducible W except type
Dy, using the topological models for Mikado braids in
the classical types.

» Licata and Queffelec treated types Ap, Dy, E, using a
categorification of the Artin group in a homotopy
category of projective modules over a zigzag algebra.

» Baumeister and G. treated type D, also using a
topological realization of the Artin group.
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Simple dual braids are Mikado braids

» Since v factors through H (W) via 6, the theorem holds
as a consequence of

Conjecture (Digne-G., 2015, proven by Digne-G. '15,
Licata-Queffelec '17, Baumeister-G. '17)

Let W be a finite Coxeter group, ¢ a Coxeter element,
x € P.. Then x. is a Mikado braid.

» Digne and G. treated all the irreducible W except type
Dy, using the topological models for Mikado braids in
the classical types.

» Licata and Queffelec treated types Ap, Dy, E, using a
categorification of the Artin group in a homotopy
category of projective modules over a zigzag algebra.

» Baumeister and G. treated type D, also using a
topological realization of the Artin group.

» ... and a combinatorial proof 7
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Simple dual braids are Mikado braids

» Since v factors through H (W) via 6, the theorem holds
as a consequence of

Conjecture (Digne-G., 2015, proven by Digne-G. '15,
Licata-Queffelec '17, Baumeister-G. '17)

Let W be a finite Coxeter group, ¢ a Coxeter element,
x € P.. Then x. is a Mikado braid.

» Digne and G. treated all the irreducible W except type
Dy, using the topological models for Mikado braids in
the classical types.

» Licata and Queffelec treated types Ap, Dy, E, using a
categorification of the Artin group in a homotopy
category of projective modules over a zigzag algebra.

» Baumeister and G. treated type D, also using a
topological realization of the Artin group.

» ... and a combinatorial proof ? (work in progress).
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Simple dual braids have a positive KL expansion

Corollary

Let W be a finite Coxeter group, ¢ a Coxeter element,
x € P.. Recall the group homomorphism
0 B(W) — H(W)*.
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Simple dual braids have a positive KL expansion

Corollary

Let W be a finite Coxeter group, ¢ a Coxeter element,
x € P.. Recall the group homomorphism
@ B(W) = H(W)*. Then

o(xc) € Z Zso[vFY] Cy.
weW
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Simple dual braids have a positive KL expansion

Corollary

Let W be a finite Coxeter group, ¢ a Coxeter element,
x € P.. Recall the group homomorphism
¢ B(W) — H(W)*. Then

o(xc) € D ZzolvF]Cu-

weW
Proof.
We have seen that x. is Mikado. By Dyer's positivity, the
result follows. O
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About the proof that s.d. braids are Mikado

» The idea of the topological proofs is elementary. If
W = &, starting from the noncrossing partition

corresponding to x € P, there is a rule to read an Artin
braid representing x..
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About the proof that s.d. braids are Mikado

» The idea of the topological proofs is elementary. If
W = &, starting from the noncrossing partition
corresponding to x € P, there is a rule to read an Artin
braid representing x.. Properties of this braid can be
read directly on the noncrossing diagram, in particular
the Mikado property.
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About the proof that s.d. braids are Mikado

» The idea of the topological proofs is elementary. If
W = &, starting from the noncrossing partition
corresponding to x € P, there is a rule to read an Artin
braid representing x.. Properties of this braid can be
read directly on the noncrossing diagram, in particular
the Mikado property.

D AW N

56

1
\ c=1(1,3,4,6,5,2)
. x=(1,3,6,2) <7 c
A
> M
1234
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About the proof that s.d. braids are Mikado

» The idea of the topological proofs is elementary. If
W = &, starting from the noncrossing partition
corresponding to x € P, there is a rule to read an Artin
braid representing x.. Properties of this braid can be
read directly on the noncrossing diagram, in particular
the Mikado property.

D AW N

» It deeply relies on the noncrossing combinatorics.

1
=(1,3,4,6,5,2)
x=(1,3,6,2) <7 c
/ — X
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About the proof that s.d. braids are Mikado

» The idea of the topological proofs is elementary. If
W = &, starting from the noncrossing partition
corresponding to x € P, there is a rule to read an Artin
braid representing x.. Properties of this braid can be
read directly on the noncrossing diagram, in particular
the Mikado property.

D AW N

» It deeply relies on the noncrossing combinatorics. In the
other classical types, the idea is similar, using the
topological models.

1
=(1,3,4,6,5,2)
x=(1,3,6,2) <7 c
/ — X
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About the proof that s.d. braids are Mikado

» The idea of the topological proofs is elementary. If
W = &, starting from the noncrossing partition
corresponding to x € P, there is a rule to read an Artin
braid representing x.. Properties of this braid can be
read directly on the noncrossing diagram, in particular
the Mikado property.

D AW N

123456

» It deeply relies on the noncrossing combinatorics. In the

other classical types, the idea is similar, using the
topological models. In the exceptional types, the
conjecture is checked by computer.

1
=(1,3,4,6,5,2)
x=(1,3,6,2) <7 c
‘l
/ — xc
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A few remarks

» The positive canonical lifts of elements of W have
images which yield a basis of # (W) (the standard
basis). They are the simple elements of the classical
Garside structure on B(W).
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the simple elements of a dual Garside structure yield a
basis of TL, when W = &,,.
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» The positive canonical lifts of elements of W have
images which yield a basis of # (W) (the standard
basis). They are the simple elements of the classical
Garside structure on B(W). As we just saw, images of
the simple elements of a dual Garside structure yield a
basis of TL, when W = &,,. Hence the TL algebra is
“the algebra of the dual braid monoid”.

» What about the other types 7 In type B, there are two
distinct Temperley-Lieb algebras (tomDieck, Graham).
One of them has a basis given by images of the simple
elements of the dual braid monoid (Vincenti, 2007).
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A few remarks

» The positive canonical lifts of elements of W have
images which yield a basis of # (W) (the standard
basis). They are the simple elements of the classical
Garside structure on B(W). As we just saw, images of
the simple elements of a dual Garside structure yield a
basis of TL, when W = &,,. Hence the TL algebra is
“the algebra of the dual braid monoid”.

» What about the other types 7 In type B, there are two
distinct Temperley-Lieb algebras (tomDieck, Graham).
One of them has a basis given by images of the simple
elements of the dual braid monoid (Vincenti, 2007).

» In type D,, there are more simple elements than the
dimension of the Temperley-Lieb algebra.
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> |s there a Temperley-Lieb like algebra of type D,, which
has as basis the images of the simple dual braids ?
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Open questions

» Is there a Temperley-Lieb like algebra of type D,, which
has as basis the images of the simple dual braids ?
More generally, can we use the dual approach to
generalize Temperley-Lieb algebras ?
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generalize Temperley-Lieb algebras ?
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» Do the images of the simple dual braids in the
Temperley-Lieb algebras of types B,, or D, have nice
positivity properties ?
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Is there a Temperley-Lieb like algebra of type D,, which
has as basis the images of the simple dual braids ?
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generalize Temperley-Lieb algebras ?

Is there a categorification of the dual braid monoid ?
Do the images of the simple dual braids in the
Temperley-Lieb algebras of types B,, or D, have nice
positivity properties ?

There are (quasi-)Garside structures on B(W) in case
W has type A, or C, (warning: only for certain choices
of Coxeter element).
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has as basis the images of the simple dual braids ?
More generally, can we use the dual approach to
generalize Temperley-Lieb algebras ?

Is there a categorification of the dual braid monoid ?

Do the images of the simple dual braids in the
Temperley-Lieb algebras of types B,, or D, have nice
positivity properties ?

There are (quasi-)Garside structures on B(W) in case
W has type /Z\V,, or (.~",7 (warning: only for certain choices
of Coxeter element). Can we show that simple dual
braids are Mikado braids in these cases ?
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More generally, can we use the dual approach to
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Is there a categorification of the dual braid monoid ?
Do the images of the simple dual braids in the
Temperley-Lieb algebras of types B,, or D, have nice
positivity properties ?

There are (quasi-)Garside structures on B(W) in case
W has type A, or C, (warning: only for certain choices
of Coxeter element). Can we show that simple dual
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Is there a Temperley-Lieb like algebra of type D,, which
has as basis the images of the simple dual braids ?
More generally, can we use the dual approach to
generalize Temperley-Lieb algebras ?

Is there a categorification of the dual braid monoid ?

Do the images of the simple dual braids in the
Temperley-Lieb algebras of types B,, or D, have nice
positivity properties ?

There are (quasi-)Garside structures on B(W) in case
W has type /Z\V,, or (.~",7 (warning: only for certain choices
of Coxeter element). Can we show that simple dual
braids are Mikado braids in these cases ?

Let x € P. € &,. Since x. is Mikado, there is a (in
general not unique) y € W such that x. = Xn(y)- Is
there a natural such y?
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Open questions

Is there a Temperley-Lieb like algebra of type D,, which
has as basis the images of the simple dual braids ?
More generally, can we use the dual approach to
generalize Temperley-Lieb algebras ?

Is there a categorification of the dual braid monoid ?

Do the images of the simple dual braids in the
Temperley-Lieb algebras of types B,, or D, have nice
positivity properties ?

There are (quasi-)Garside structures on B(W) in case
W has type /Z\V,, or (.~",7 (warning: only for certain choices
of Coxeter element). Can we show that simple dual
braids are Mikado braids in these cases ?

Let x € P. € &,. Since x. is Mikado, there is a (in
general not unique) y € W such that x. = Xn(y)- Is
there a natural such y? (... work in progress).
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