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Braid relation: some topological observations
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Definition (Mikado braids)
We define Mikado braids by induction on n as:

1. The trivial braid in By is a Mikado braid,
2. A braid 8 € B,+1 is a Mikado braid if there exists a
braid diagram for S with a strand lying above all the

other strands, and such that removing this strand yields
a braid 5’ € B, which is Mikado.
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We define Mikado braids by induction on n as:

1. The trivial braid in By is a Mikado braid, o

2. A braid 8 € B,+1 is a Mikado braid if there exists a
braid diagram for S with a strand lying above all the
other strands, and such that removing this strand yields
a braid 5’ € B, which is Mikado.

» If 8 € B,y1 is Mikado, then it can be shown that
removing any strand lying above all the others in any
braid diagram for 3 will yield a Mikado braid in 5,.
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Example: positive simple braids

» Given a permutation x € &, we say that a product
SiSiy -+ - Si,o Where iy, i, ... ik €{1,...,n—1}, isa
reduced expression of x if x = s;;s;, -+ s;, and k is
minimal. The integer ¢(x) := k is the length of x.
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reduced expression of x if x = s;;s;, -+ s;, and k is
minimal. The integer ¢(x) := k is the length of x.

Lemma (Matsumoto’'s Lemma)

In the symmetric group, one can pass from any reduced
expression of an element to any other by applying a
sequence of braid relations.
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reduced expression of x if x = s;;s;, -+ s;, and k is
minimal. The integer ¢(x) := k is the length of x.

Lemma (Matsumoto’'s Lemma)

In the symmetric group, one can pass from any reduced
expression of an element to any other by applying a
sequence of braid relations.

» Every permutation x € &, can be lifted to a positive
simple braid (aka canonical lift) x:
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Example: positive simple braids

» Given a permutation x € &, we say that a product
SiSiy * Si,, Where iy, io, ..., ik € {1,...,n—1},is a
reduced expression of x if x = s;;s;, -+ s;, and k is
minimal. The integer ¢(x) := k is the length of x.

Lemma (Matsumoto’'s Lemma)

In the symmetric group, one can pass from any reduced
expression of an element to any other by applying a
sequence of braid relations.

» Every permutation x € &, can be lifted to a positive
simple braid (aka canonical lift) x: choose a reduced
expression s; s, - - - 5j, of x in the generating set S, then
replace each s; by s; .

Mikado braids,
Soergel bimodules,
and positivity in
Hecke and
Temperley-Lieb
algebras

I. Mikado braids

Thomas Gobet

Mikado braids



Example: positive simple braids

» Given a permutation x € &, we say that a product
SiSiy * Si,, Where iy, io, ..., ik € {1,...,n—1},is a
reduced expression of x if x = s;;s;, -+ s;, and k is
minimal. The integer ¢(x) := k is the length of x.

Lemma (Matsumoto’'s Lemma)

In the symmetric group, one can pass from any reduced
expression of an element to any other by applying a
sequence of braid relations.

» Every permutation x € &, can be lifted to a positive
simple braid (aka canonical lift) x: choose a reduced
expression s; s, - - - 5j, of x in the generating set S, then
replace each s;; by s;. The obtained element x is
independent of the reduced expression thanks to the
above Lemma.
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Diagram of a permutation

> Let x € G,. We represent x by a diagram D, as
follows: put two series of n points one above the other.
If x(i) =, join the i-th point below to the j-th point
above by a line segment.
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Diagram of a permutation

> Let x € G,. We represent x by a diagram D, as

follows: put two series of n points one above the other.

If x(i) =, join the i-th point below to the j-th point

above by a line segment.

» Example: s s 4 s

6 7

/

N

6 7

x = (1,2,4,7)(3,5)
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> Let x € G,. We represent x by a diagram D, as
follows: put two series of n points one above the other.
If x(i) =, join the i-th point below to the j-th point
above by a line segment.
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Examp|e. 12 3 a4 s 6 7 ikado braids
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1 2 3 4 5 6 7

x = (1,2,4,7)(3,5)

» The number of crossings in Dy (counted with
multiplicities !) is equal to ¢(x) (in the example above
we have /(x) = 10).
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Example: positive simple braids

Lemma

Positive simple braids are Mikado braids.

Proof.

Let x = s;; s, - - - 55, be a reduced expression. In the braid
diagram D obtained from s;s;, - - - s (i.e., by concatenating
the diagrams corresponding to the generators), we have that
two strands cross at most once
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Example: positive simple braids

Lemma

Positive simple braids are Mikado braids.

Proof.

Let x = s;; s, - - - 55, be a reduced expression. In the braid
diagram D obtained from s;s;, - - - s (i.e., by concatenating
the diagrams corresponding to the generators), we have that
two strands cross at most once (this property is a
consequence of the fact that s;s;, - - - s;, is reduced: if there
are strands crossing twice, then the diagram has more
crossings than D,, but the number of crossings in both has
to be £(x) !).

Mikado braids,
Soergel bimodules,
and positivity in
Hecke and
Temperley-Lieb
algebras

I. Mikado braids

Thomas Gobet

Mikado braids



Example: positive simple braids

Lemma

Positive simple braids are Mikado braids.

Proof.

Let x = s;; s, - - - 55, be a reduced expression. In the braid
diagram D obtained from s;s;, - - - s (i.e., by concatenating
the diagrams corresponding to the generators), we have that
two strands cross at most once (this property is a
consequence of the fact that s;s;, - - - s;, is reduced: if there
are strands crossing twice, then the diagram has more
crossings than D,, but the number of crossings in both has
to be £(x) !). Since all the crossings are positive in D, the
strand i is above all the strands j with j < .
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Example: positive simple braids Soergel bimadues,

and positivity in
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Temperley-Lieb

Lemma algebras

Positive simple braids are Mikado braids. I+ Mikado braids

Thomas Gobet

Proof.

Let x = s;; s, - - - 55, be a reduced expression. In the braid Mikado braids
diagram D obtained from s;s;, - - - s (i.e., by concatenating
the diagrams corresponding to the generators), we have that
two strands cross at most once (this property is a
consequence of the fact that s;s;, - - - s;, is reduced: if there
are strands crossing twice, then the diagram has more
crossings than D,, but the number of crossings in both has
to be £(x) !). Since all the crossings are positive in D, the
strand i is above all the strands j with j < i. Hence we can
remove all the strands inductively, starting from the last one,
such that at each step the removed strand lies above all the
others. O
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Generalizing positive simple braids

» A reduced braid diagram for 3 € B, is an Artin braid
with minimal number of crossings representing .

» In every reduced braid diagram for a simple positive
braid, we have that any two strands cross at most once.
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Generalizing positive simple braids

» A reduced braid diagram for 3 € B, is an Artin braid
with minimal number of crossings representing .

» In every reduced braid diagram for a simple positive

braid, we have that any two strands cross at most once.

» As a consequence of their definition, the same holds for
Mikado braids.
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braid, we have that any two strands cross at most once.

» As a consequence of their definition, the same holds for
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» A reduced braid diagram for 8 € B, is an Artin braid algebras
with minimal number of crossings representing . I. Mikado braids

» In every reduced braid diagram for a simple positive Thomas Gobet

braid, we have that any two strands cross at most once.

» As a consequence of their definition, the same holds for
Mikado braids.
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» This means that a Mikado braid can be obtained by
“lifting a reduced expression of a permutation”, i.e.,
replacing each generator s in the expression by s™1.
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Generalizing positive simple braids

Definition (Square-free braids)

Let x = s;; s, - - - 5;, be a reduced expression of a

permutation. A braid of the form s;'s;? - - sf: where

gj € {£1} for all j is a square-free braid.

» Every Mikado braid is a square-free braid, but the

converse is false in general. Example: 8 = s;s;

1
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Definition (Square-free braids)

I. Mikado braids

Let x = s;; s, - - - 5;, be a reduced expression of a lhom=siGobet
permutation. A braid of the form s;'s;? - - sf: where

gj € {£1} for all j is a square-free braid.

Mikado braids

» Every Mikado braid is a square-free braid, but the

. . . o _1
converse is false in general. Example: § = sis, "s;.

N
X

» Question: Can we characterize those square-free braids
which are Mikado?
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» Take the reduced expression s of (1,2,3) € G3.
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Examples and questions

» Take the reduced expression s1s, of (1,2,3) € &3. All

possible ways to lift this reduced expression in B3 in
—1 -1

square-free braids are: slsg,sl_lsz,sls2
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Examples and questions

» Take the reduced expression s1s, of (1,2,3) € &3. All
possible ways to lift this reduced expression in B3 in
square-free braids are: s1sy,s7 sz, 818, %, 57's, . All of
them are Mikado.
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Examples and questions

» Take the reduced expression s1s, of (1,2,3) € &3. All
possible ways to lift this reduced expression in B3 in
square-free braids are: s1sy,s7 sz, 818, %, 57's, . All of
them are Mikado.

» Take the reduced expression s;sys; of (1,3) € G3.
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» Take the reduced expression sis, of (1,2,3) € &3. All
possible ways to lift this reduced expression in B3 in
square-free braids are: s1sy,s7 sz, 818, %, 57's, . All of
them are Mikado.

» Take the reduced expression s;sps; of (1,3) € G3. All Mikado braids
possible ways to lift it in square-free braids are:

I. Mikado braids
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$15281,S; S251,S; Sy S1,S; Sp Sy,
—1 1 _ < _ _
515251 75152 s]_ ,Sl 5251 ,5152 S1.



Examples and questions

» Take the reduced expression sis, of (1,2,3) € &3. All
possible ways to lift this reduced expression in B3 in
square-free braids are: s1sy,s7 sz, 818, %, 57's, . All of
them are Mikado.

» Take the reduced expression s;sps; of (1,3) € G3. All
possible ways to lift it in square-free braids are:

-1 —1.-1 S s |
—1 —1 _— = —1 -
$1828; *,81S8, 'S ",S¢ S28; 7,815, "S3.
» In the above list, every braid is Mikado except the last
two ones.
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» Take the reduced expression s1s, of (1,2,3) € &3. All
possible ways to lift this reduced expression in B3 in
square-free braids are: s1sy,s7 sz, 818, %, 57's, . All of
them are Mikado.
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» Take the reduced expression s;sps; of (1,3) € G3. All Mikado braids
possible ways to lift it in square-free braids are:
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» In the above list, every braid is Mikado except the last
two ones. To all the Mikado ones corresponds a mixed
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Examples and questions

» Take the reduced expression sis, of (1,2,3) € &3. All
possible ways to lift this reduced expression in B3 in
square-free braids are: s1sy,s7 sz, 818, %, 57's, . All of
them are Mikado.

» Take the reduced expression s;sps; of (1,3) € G3. All
possible ways to lift it in square-free braids are:

-1 —-1.-1 —1.—-1.-1
1 —1 - = — —
$1828; *,81S8, 'S ",S¢ S28; 7,815, "S3.

» In the above list, every braid is Mikado except the last
two ones. To all the Mikado ones corresponds a mixed
braid relation. Example: 51_152_151 = 5251_152_1.

» Starting from a longer reduced expression, for example
$»535251505354535251, IS there a way to determine which
lifts are Mikado?
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for x.
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for x. We can see the sequences of moves on
the braid diagrams of x.
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for x. We can see the sequences of moves on
the braid diagrams of x.
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for x. We can see the sequences of moves on
the braid diagrams of x.
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for x. We can see the sequences of moves on
the braid diagrams of x.
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for x. We can see the sequences of moves on
the braid diagrams of x.

$25152838281 $251S3S2S3S]
L ) L \1
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for x. We can see the sequences of moves on
the braid diagrams of x.

$25152838281 $251S352S3S]
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for x. We can see the sequences of moves on
the braid diagrams of x.

$25152838281 $251S352S3S]
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) N

4 <M
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for x. We can see the sequences of moves on
the braid diagrams of x.

$25152535281 $2515352S351 $25153525153
L ) L \I
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for x. We can see the sequences of moves on
the braid diagrams of x.

$25152535281 $2515352S351 $25153525153
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for x. We can see the sequences of moves on
the braid diagrams of x.

$25152535281 $25153528351 $25153525153

X X L
Q ﬁ} KI
A1 YN (W
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for any given Mikado lift 3 of x. We can see
the sequences of moves on the braid diagrams of 5.

$25152535281 $25153528351 $25153525153

X X L
Q ﬁ} KI
A1 YN (W
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for any given Mikado lift 3 of x. We can see
the sequences of moves on the braid diagrams of 5.

$51S, 538281
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for any given Mikado lift 3 of x. We can see
the sequences of moves on the braid diagrams of 5.
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for any given Mikado lift 3 of x. We can see
the sequences of moves on the braid diagrams of 5.
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for any given Mikado lift 3 of x. We can see
the sequences of moves on the braid diagrams of 5.
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for any given Mikado lift 3 of x. We can see
the sequences of moves on the braid diagrams of 5.

$51S, 538281

$0515352S3 'S
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for any given Mikado lift 3 of x. We can see
the sequences of moves on the braid diagrams of 5.

$51S, 538281

$051535253 'S
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[
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by

applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for any given Mikado lift 3 of x. We can see

the sequences of moves on the braid diagrams of 5.

$51S, 538281

$051535253 'S $051535251S3 |
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for any given Mikado lift 3 of x. We can see
the sequences of moves on the braid diagrams of 5.

$51S, 538281 $051535253 'S $051535251S3 |
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A generalization of Matsumoto's Lemma

» Recall that for a permutation x € &,,, one can pass
from any reduced expression to any other just by
applying a sequence of braid relations. Distinct reduced
expressions for x correspond to distinct reduced braid
diagrams for any given Mikado lift 3 of x. We can see
the sequences of moves on the braid diagrams of 5.

$51S, 538281 $0515352S3 'S $051535251S3 |

L\) ? L\l\
\(\f }r) G/l
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A generalization of Matsumoto's Lemma

Proposition

Let s;s;, - - - si, be a reduced expression of x € G,,. Let

B =si's; --s;¥, g = %1, be a lift of x. Assume that (3 is
Mikado. There is a bijection between the reduced expressions of x
and those of [3;
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A generalization of Matsumoto's Lemma

Proposition

Let s;s;, - - - si, be a reduced expression of x € G,,. Let

B =si's; --s;¥, g = %1, be a lift of x. Assume that (3 is
Mikado. There is a bijection between the reduced expressions of x
and those of 3; i.e., whenever we apply a braid relation in a
reduced expression of x, there is a corresponding mixed braid

relation which can be applied in the lifted reduced expression of (3.
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A generalization of Matsumoto's Lemma

Proposition

Let s;s;, - - - si, be a reduced expression of x € G,,. Let

B =si's; --s;¥, g = %1, be a lift of x. Assume that (3 is
Mikado. There is a bijection between the reduced expressions of x
and those of 3; i.e., whenever we apply a braid relation in a
reduced expression of x, there is a corresponding mixed braid

relation which can be applied in the lifted reduced expression of (3.

In particular, every reduced expression for x can be lifted as above
to a word representing 3.
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A generalization of Matsumoto's Lemma

Proposition

Let s;s;, - - - si, be a reduced expression of x € G,,. Let

B =si's; --s;¥, g = %1, be a lift of x. Assume that (3 is
Mikado. There is a bijection between the reduced expressions of x
and those of 3; i.e., whenever we apply a braid relation in a
reduced expression of x, there is a corresponding mixed braid

relation which can be applied in the lifted reduced expression of (3.

In particular, every reduced expression for x can be lifted as above
to a word representing 3.

Example
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A generalization of Matsumoto's Lemma

Proposition

Let s;s;, - - - si, be a reduced expression of x € G,,. Let

B =si's; --s;¥, g = %1, be a lift of x. Assume that (3 is
Mikado. There is a bijection between the reduced expressions of x
and those of 3; i.e., whenever we apply a braid relation in a
reduced expression of x, there is a corresponding mixed braid

relation which can be applied in the lifted reduced expression of (3.

In particular, every reduced expression for x can be lifted as above
to a word representing 3.

Example

The transposition (1, 3) has two reduced expressions s;sys1 and
525152.
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A generalization of Matsumoto's Lemma

Proposition

Let s;s;, - - - si, be a reduced expression of x € G,,. Let

B =si's; --s;¥, g = %1, be a lift of x. Assume that (3 is
Mikado. There is a bijection between the reduced expressions of x
and those of 3; i.e., whenever we apply a braid relation in a
reduced expression of x, there is a corresponding mixed braid

relation which can be applied in the lifted reduced expression of (3.

In particular, every reduced expression for x can be lifted as above
to a word representing 3.

Example

The transposition (1, 3) has two reduced expressions s;sys1 and
$>515>. The braid 5 = 51_15251 is Mikado. It is also equal to
5251551.
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A generalization of Matsumoto's Lemma

Proposition

Let s;s;, - - - si, be a reduced expression of x € G,,. Let

B =si's; --s;¥, g = %1, be a lift of x. Assume that (3 is
Mikado. There is a bijection between the reduced expressions of x
and those of 3; i.e., whenever we apply a braid relation in a
reduced expression of x, there is a corresponding mixed braid

relation which can be applied in the lifted reduced expression of (3.

In particular, every reduced expression for x can be lifted as above
to a word representing 3.

Example

The transposition (1, 3) has two reduced expressions s;sys1 and
$>515>. The braid 5 = 51_15251 is Mikado. It is also equal to
s281S, . The braid 8 = sy *sps; " is not Mikado. There is no lift
of sps15, which is equal to f3.
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A first algebraic characterization of Mikado braids

» To summarize: we are looking for an algebraic definition
of Mikado braids in terms of lifts of reduced expressions
of permutations. These lifts should satisfy Matsumoto’s
Lemma.
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A first algebraic characterization of Mikado braids

» To summarize: we are looking for an algebraic definition
of Mikado braids in terms of lifts of reduced expressions
of permutations. These lifts should satisfy Matsumoto’s
Lemma.

» Before answering the above question, i.e., understanding

which lifts of a reduced expression are Mikado, we will
give a first algebraic characterization of Mikado braids.
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A first algebraic characterization of Mikado braids

» To summarize: we are looking for an algebraic definition
of Mikado braids in terms of lifts of reduced expressions
of permutations. These lifts should satisfy Matsumoto’s
Lemma.

» Before answering the above question, i.e., understanding
which lifts of a reduced expression are Mikado, we will
give a first algebraic characterization of Mikado braids.

» Let x,y € &,. In a reduced braid diagram for x 1, the
strand ending at / is above all the strands ending at
J <.
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A first algebraic characterization of Mikado braids

» To summarize: we are looking for an algebraic definition
of Mikado braids in terms of lifts of reduced expressions
of permutations. These lifts should satisfy Matsumoto’s
Lemma.

» Before answering the above question, i.e., understanding
which lifts of a reduced expression are Mikado, we will
give a first algebraic characterization of Mikado braids.

» Let x,y € &,. In a reduced braid diagram for x 1, the
strand ending at / is above all the strands ending at
Jj < i. But iny, the strand starting at /i is above all the
strands starting at j < i.
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A first algebraic characterization of Mikado braids

» To summarize: we are looking for an algebraic definition
of Mikado braids in terms of lifts of reduced expressions
of permutations. These lifts should satisfy Matsumoto’s
Lemma.

» Before answering the above question, i.e., understanding
which lifts of a reduced expression are Mikado, we will
give a first algebraic characterization of Mikado braids.

» Let x,y € &,. In a reduced braid diagram for x 1, the
strand ending at / is above all the strands ending at
Jj < i. But iny, the strand starting at /i is above all the
strands starting at j < i. Hence when concatenating
x~ly, the strand obtained by the concatenation of the
strand of x~! ending at n and the strand of y beginning
at n is above all the others, and can be removed, and
we can go on inductively.
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A first algebraic characterization of Mikado braids

» To summarize: we are looking for an algebraic definition
of Mikado braids in terms of lifts of reduced expressions
of permutations. These lifts should satisfy Matsumoto’s
Lemma.

» Before answering the above question, i.e., understanding
which lifts of a reduced expression are Mikado, we will
give a first algebraic characterization of Mikado braids.

» Let x,y € &,. In a reduced braid diagram for x 1, the
strand ending at / is above all the strands ending at
Jj < i. But iny, the strand starting at /i is above all the
strands starting at j < i. Hence when concatenating
x~ly, the strand obtained by the concatenation of the
strand of x~! ending at n and the strand of y beginning
at n is above all the others, and can be removed, and
we can go on inductively. = x~ 'y is Mikado.
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A first algebraic characterization of Mikado braids

» Conversely, every Mikado braid can be written in the

form x_ly:

\/ L/

~/
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A first algebraic characterization of Mikado braids

» Conversely, every Mikado braid can be written in the

form x_ly:

\°/ 1/
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A first algebraic characterization of Mikado braids

» Conversely, every Mikado braid can be written in the
form x1y:
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A first algebraic characterization of Mikado braids

» Conversely, every Mikado braid can be written in the
form x1y:

Hence we get:

Mikado braids,
Soergel bimodules,
and positivity in
Hecke and
Temperley-Lieb
algebras

I. Mikado braids

Thomas Gobet

Characterizations
of Mikado braids



A first algebraic characterization of Mikado braids

» Conversely, every Mikado braid can be written in the
form x1y:

Hence we get:

Proposition
A braid 5 € B, is a Mikado braid if and only if there are

X,y € &, such that 3 = x~1y, if and only if there are
u,v € &, such that f = uv1.
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Inversion sets and lifted reduced expressions

» A word obtained by concatenating a reduced word for
x~! and a reduced word for y may not be reduced (i.e.,
there are too many crossings !).
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Inversion sets and lifted reduced expressions

» A word obtained by concatenating a reduced word for
x~! and a reduced word for y may not be reduced (i.e.,
there are too many crossings !). We want an algebraic

characterization in terms of “lifted reduced expressions”.
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Inversion sets and lifted reduced expressions

» A word obtained by concatenating a reduced word for
x~! and a reduced word for y may not be reduced (i.e.,
there are too many crossings !). We want an algebraic

characterization in terms of “lifted reduced expressions”.

> Let y € G,. Let T be the set of transpositions in &,,.
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Inversion sets and lifted reduced expressions

» A word obtained by concatenating a reduced word for
x~! and a reduced word for y may not be reduced (i.e.,
there are too many crossings !). We want an algebraic
characterization in terms of “lifted reduced expressions”.

> Let y € G,. Let T be the set of transpositions in &,,.

Theset N(y) :={t e T | L(ty) < {(y)} is the (left)
inversion set of y. It can be checked that [N(y)| = ¢(y).
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Inversion sets and lifted reduced expressions

» A word obtained by concatenating a reduced word for
x~! and a reduced word for y may not be reduced (i.e.,
there are too many crossings !). We want an algebraic

characterization in terms of “lifted reduced expressions”.

> Let y € G,. Let T be the set of transpositions in &,,.
Theset N(y) :={t e T | L(ty) < {(y)} is the (left)

inversion set of y. It can be checked that [N(y)| = ¢(y).

Definition (Dyer, unpublished)

Let s;sj, - - - s;, be a reduced expression of x € &,,.
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x~! and a reduced word for y may not be reduced (i.e.,
there are too many crossings !). We want an algebraic

characterization in terms of “lifted reduced expressions”.
> Let y € G,. Let T be the set of transpositions in &,,.

The set N(y) i= {t & T | £(ty) < £(y)} is the (left) e
inversion set of y. It can be checked that [N(y)| = ¢(y).
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Definition (Dyer, unpublished)

Let s;sj, - - - si, be a reduced expression of x € &,. Let
y € G,



Inversion sets and lifted reduced expressions

» A word obtained by concatenating a reduced word for
x~! and a reduced word for y may not be reduced (i.e.,
there are too many crossings !). We want an algebraic
characterization in terms of “lifted reduced expressions”.

> Let y € G,. Let T be the set of transpositions in &,,.
Theset N(y) :={t e T | L(ty) < {(y)} is the (left)
inversion set of y. It can be checked that [N(y)| = ¢(y).

Definition (Dyer, unpublished)

Let s;sj, - - - si, be a reduced expression of x € &,. Let

y € 6,. Set

where ¢; =
otherwise.

€1 €2 Ek

XN(y) T sil SIQ : slk ?

—1if SiSi_q1 "

'S,'j-"S;k_IS;k € N(y) and 1
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Inversion sets and lifted reduced expressions

» The last definition seems to fall from the sky.

» It is actually a very nice definition falling from the
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Inversion sets and lifted reduced expressions

» The last definition seems to fall from the sky.

» It is actually a very nice definition falling from the
Let's see why.
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Inversion sets and lifted reduced expressions

Proposition (Dyer, unpublished)
Let x,y € G,,.

1. The element XN(y) is well-defined. In particular, it is
independent of the reduced expression we chose for x
and xy(,) satisfies Matsumoto's Lemma: distinct lifted
reduced expressions of x yielding xy(,) can be related
by a sequence of mixed braid relations.
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Inversion sets and lifted reduced expressions

Proposition (Dyer, unpublished)
Let x,y € G,,.

1. The element XN(y) is well-defined. In particular, it is
independent of the reduced expression we chose for x
and xy(,) satisfies Matsumoto's Lemma: distinct lifted
reduced expressions of x yielding xy(,) can be related
by a sequence of mixed braid relations.

2. We have (xy‘l)N(y) =xy L.
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Inversion sets and lifted reduced expressions

Proposition (Dyer, unpublished)
Let x,y € G,,.

1. The element XN(y) is well-defined. In particular, it is
independent of the reduced expression we chose for x
and xy(,) satisfies Matsumoto's Lemma: distinct lifted
reduced expressions of x yielding xy(,) can be related
by a sequence of mixed braid relations.

2. We have (xy‘l)N(y) =xy L.

Corollary

A braid 5 € B, is Mikado iff there are x,y € &, such that
B = Xn(y)-
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Inversion sets in the symmetric group

» The inversion set N(y) of a permutation y € &, is
easily determined: it is the set of transpositions (7, ),
i < j such that y=1(i) > y~1(j).
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Inversion sets in the symmetric group

» The inversion set N(y) of a permutation y € &, is
easily determined: it is the set of transpositions (7, ),
i < j such that y=1(i) > y~1(j).

» Recall that ¢(y) is equal to the number of crossings in
the diagram D, .
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Inversion sets in the symmetric group

» The inversion set N(y) of a permutation y € &, is
easily determined: it is the set of transpositions (7, ),
i < j such that y=1(i) > y~1(j).

» Recall that ¢(y) is equal to the number of crossings in
the diagram D,. Hence we have that (7, /) lies in N(y)
if and only in the diagram D,, the line starting at i/ and
the line starting at j cross.
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Inversion sets in the symmetric group

» The inversion set N(y) of a permutation y € &, is
easily determined: it is the set of transpositions (7, ),
i < j such that y=1(i) > y~1(j).

» Recall that ¢(y) is equal to the number of crossings in
the diagram D,. Hence we have that (7, /) lies in N(y)
if and only in the diagram D,, the line starting at i/ and
the line starting at j cross. In particular we see that
IN(y)| is equal to the number of crossings in D, (which
is also equal to £(y)).
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Characterizations of Mikado braids

> Let B, denote the positive braid monoid (the submonoid of
B, generated by S). We define a partial order < on B, by
a<bifalbe B/
Theorem (Digne-G., 2015)

Let 5 € B,. The following conditions are equivalent.
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Characterizations of Mikado braids

> Let B, denote the positive braid monoid (the submonoid of
B, generated by S). We define a partial order < on B, by
a<bifalbe B/
Theorem (Digne-G., 2015)

Let 5 € B,. The following conditions are equivalent.

1. (topological) The braid 3 is Mikado,
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Characterizations of Mikado braids

> Let B, denote the positive braid monoid (the submonoid of
B, generated by S). We define a partial order < on B, by
a<bifalbe B/

Theorem (Digne-G., 2015)
Let 5 € B,. The following conditions are equivalent.
1. (topological) The braid B is Mikado,
2. (algebraic) There are x,y € &, such that 3 = xy~!,
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Characterizations of Mikado braids

> Let B, denote the positive braid monoid (the submonoid of
B, generated by S). We define a partial order < on B, by
a<bifalbe B/

Theorem (Digne-G., 2015)
Let 5 € B,. The following conditions are equivalent.
1. (topological) The braid 3 is Mikado,

2. (algebraic) There are x,y € &, such that 3 = xy~!,
3. (algebraic) There are x,y € &, such that 3 = x~ly,
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Characterizations of Mikado braids

> Let B, denote the positive braid monoid (the submonoid of
B, generated by S). We define a partial order < on B, by
a<bifalbe B/

Theorem (Digne-G., 2015)
Let 5 € B,. The following conditions are equivalent.
. (topological) The braid /3 is Mikado,
1

. (algebraic) There are x,y € &, such that f = xy ',
. (algebraic) There are x,y € &, such that 3 = x" 'y,

R O R S

. (Coxeter theoretic) There are x,y € &, such that 8 = xu(y),
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Characterizations of Mikado braids

> Let B, denote the positive braid monoid (the submonoid of

B, generated by S). We define a partial order < on B, by
a<bifalbe B/

Theorem (Digne-G., 2015)

Let 5 € B,. The following conditions are equivalent.

e o> »W Y =

(topological) The braid (B is Mikado,
(algebraic) There are x,y € &, such that 3 = xy~!,

(algebraic) There are x,y € &, such that 3 = x"ly,

(Coxeter theoretic) There are x,y € &, such that 8 = xy(y),

(Garside theoretic) We have A~ < 8 < A, where A is the
half twist (= the canonical lift of the unique longest
permutation in S,).
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Generalization ?

» While the original definition of Mikado braids was
topological, some other characterizations might allow
generalizations to Artin-Tits groups attached to
(finite?) Coxeter groups.
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» While the original definition of Mikado braids was
topological, some other characterizations might allow
generalizations to Artin-Tits groups attached to
(finite?) Coxeter groups.

» Indeed, many of the used notions (reduced expressions,
length of a permutation, Matsumoto's Lemma,
inversion set of a permutation, transpositions, ...) allow
natural definitions in the context of Coxeter groups.
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topological, some other characterizations might allow fhomes fonet
generalizations to Artin-Tits groups attached to
(finite?) Coxeter groups.

» Indeed, many of the used notions (reduced expressions, gfhi;iakcatzgz;:ai?;:
length of a permutation, Matsumoto's Lemma,
inversion set of a permutation, transpositions, ...) allow
natural definitions in the context of Coxeter groups.
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Mikado braids,

Coxeter groups and their Artin-Tits groups Soergel bimodule,
e
Temperley-Lieb

» Let (W,S) be a Coxeter system, i.e., W is a group algebras
generated by S = {s1,...,s,} with presentation I. Mikado braids

5 Thomas Gobet
W= {(s1,...,sn|sf =e, sisj--- = sjsi--- ifi#]),
N—— N——

Ms; s; factors Ms; s; fact.

where mg, s = mg, 5, € {2,3,... } U{oo}.
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Coxeter groups and their Artin-Tits groups

» Let (W,S) be a Coxeter system, i.e., W is a group
generated by S = {s1,...,s,} with presentation
2 - .

W= {(s1,...,sn|sf =e, sisj--- = sjsi--- ifi#]),

N—— N——

ms. s. factors ms. s. fact.

%) >j 23]

where mg, s = mg, 5, € {2,3,... } U{oo}.

» Denote by ¢ : W — Z>¢ the length function wrt S and
by T =U,cw wSw™? the set of reflections of W.
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Coxeter groups and their Artin-Tits groups Soergel bimadues,
e
Temperley-Lieb

» Let (W,S) be a Coxeter system, i.e., W is a group algebras
generated by S = {s1,...,s,} with presentation I. Mikado braids
Thomas Gobet
W = <51,...,s,,\s,-2:e, sisj--- = sjsi--- ifiFE)),
—— N——

Ms; s; factors Ms; s; fact.

where mg, s = mg, 5, € {2,3,... } U{oo}.
» Denote by ¢ : W — Z>¢ the length function wrt S and Coxeter groups and
by T =U,cw wSw™? the set of reflections of W. At groups
» Let B(W) = B(W,S) be the Artin-Tits group attached
to (W, S), that is, B(W) is generated by a copy
S = {s1,...,8,} of the elements of S and has a
presentation
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e
» Let (W,S) be a Coxeter system, i.e., W is a group i
generated by S = {s1,...,s,} with presentation I. Mikado braids
Thomas Gobet
W= {s,...,s,|s?=e, sisj--- = sjsi--- ifiFE)),
N—— N——

Ms; s; factors Ms; s; fact.

where mg, s = mg, 5, € {2,3,... } U{oo}.
» Denote by ¢ : W — Z>¢ the length function wrt S and Coxeter groups and
by T =U,cw wSw™? the set of reflections of W. At groups
» Let B(W) = B(W,S) be the Artin-Tits group attached
to (W, S), that is, B(W) is generated by a copy
S = {s1,...,8,} of the elements of S and has a
presentation

B(W)=(s1,...,8n| sisj--- = ssi--- ifi#j),
N~—— N——
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Examples

Example (type A,)

» The symmetric group W = &,,, is a Coxeter group with
S={si=(i,i+1)|i=1,...,n—1}, mj =3 if
li—jl=1 my=2if|i—j|>1. T = {transpositions}.

» The corresponding group B(W) is the Artin braid group
B, on n strands.
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I. Mikado braids

Thomas Gobet

» The symmetric group W = &,,, is a Coxeter group with
S={si=(i,i+1)|i=1,...,n—1}, mj =3 if
li—jl=1 my=2if|i—j|>1. T = {transpositions}.

» The corresponding group B(W) is the Artin braid group
B, on n strands.

Coxeter groups and
Artin-Tits groups

» Finite Coxeter groups are classified in 4 infinite families

(of type A,, Bn, Dy, I(m)) and 6 exceptional groups
(Of type E67 E77 E8> F4> H3> H4)
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I. Mikado braids

Thomas Gobet

» The symmetric group W = &,,, is a Coxeter group with
S={si=(,i+1)]|i=1,....,n—1}, mjy =3 if
li—jl=1 my=2if|i—j|>1. T = {transpositions}.

» The corresponding group B(W) is the Artin braid group
B, on n strands.

Coxeter groups and
Artin-Tits groups

» Finite Coxeter groups are classified in 4 infinite families
(of type A,, Bn, Dy, I(m)) and 6 exceptional groups
(Of type Eg, E7, Eg, F4, Hs3, H4) In this case the
Artin-Tits group is said to be spherical.
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I. Mikado braids

» The symmetric group W = &, is a Coxeter group with Thomas Gobet

S={si=(i,i+1)|i=1,....,n—1}, mj=3if
li—jl=1 my=2if|i—j|>1. T = {transpositions}.

» The corresponding group B(W) is the Artin braid group
B, on n strands.

Coxeter groups and
Artin-Tits groups
» Finite Coxeter groups are classified in 4 infinite families

(of type A,, Bn, Dy, I(m)) and 6 exceptional groups

(Of type Eg, E7, Eg, F4, Hs3, H4) In this case the

Artin-Tits group is said to be spherical.
» For reasons which will become clear later, for the

moment we do not want to restrict to finite Coxeter

groups (equivalently spherical Artin-Tits groups).
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Other examples

Example (Universal Coxeter groups)

» Let W be a Coxeter group with generating set S and no
braid relations between them. Then W is said to be a
universal Coxeter group. It is infinite if |S| > 1.
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Other examples

Example (Universal Coxeter groups)

» Let W be a Coxeter group with generating set S and no
braid relations between them. Then W is said to be a
universal Coxeter group. It is infinite if |S| > 1.

» The Artin-Tits group attached to W is a free group on
|S| generators.
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5 I. Mikado braid
Example (Universal Coxeter groups) e

Thomas Gobet

» Let W be a Coxeter group with generating set S and no
braid relations between them. Then W is said to be a
universal Coxeter group. It is infinite if |S| > 1.

» The Artin-Tits group attached to W is a free group on
Coxeter groups and
|S| generators. Artin-Tits groups

» Weyl groups of reductive or Kac-Moody groups are
Coxeter groups.



Other examples

Example (Universal Coxeter groups)

>

Let W be a Coxeter group with generating set S and no
braid relations between them. Then W is said to be a
universal Coxeter group. It is infinite if |S| > 1.

The Artin-Tits group attached to W is a free group on
|S| generators.

Weyl groups of reductive or Kac-Moody groups are
Coxeter groups.

Question: Can we define a Mikado braid in a general
Artin-Tits group?
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Towards a general definition of Mikado braids

Obstructions:

» There is no topological model for B(W) in general.
» Elements w € W can still be lifted to w € B(W)

because Matsumoto's Lemma holds for general Coxeter
groups.
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» There is no topological model for B(W) in general. 1. Mikado braids
» Elements w € W can still be lifted to w € B(W) Thomas Gobet
because Matsumoto’'s Lemma holds for general Coxeter
groups. But there are elements of the form x~'y which
cannot be represented in the form uv~!.
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Towards a general definition of Mikado braids

Obstructions:

» There is no topological model for B(W) in general.

» Elements w € W can still be lifted to w € B(W)
because Matsumoto’'s Lemma holds for general Coxeter
groups. But there are elements of the form x~'y which
cannot be represented in the form uv—!. Example: let
W be universal, S = {s, t}, then s~ 1t cannot be
written in the form uv=! (B(W) is a free group!).
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Towards a general definition of Mikado braids

Obstructions:

» There is no topological model for B(W) in general.

» Elements w € W can still be lifted to w € B(W)
because Matsumoto’'s Lemma holds for general Coxeter
groups. But there are elements of the form x~'y which
cannot be represented in the form uv—!. Example: let
W be universal, S = {s, t}, then s~ 1t cannot be
written in the form uv=! (B(W) is a free group!). It is
not clear how to generalize these two algebraic
characterizations to make them equivalent.
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Towards a general definition of Mikado braids

Obstructions:

» There is no topological model for B(W) in general.

» Elements w € W can still be lifted to w € B(W)
because Matsumoto’'s Lemma holds for general Coxeter
groups. But there are elements of the form x~'y which
cannot be represented in the form uv—!. Example: let
W be universal, S = {s, t}, then s~ 1t cannot be
written in the form uv=! (B(W) is a free group!). It is
not clear how to generalize these two algebraic
characterizations to make them equivalent.

» There is no half twist if W is infinite.
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and positivity in
Hecke and

ObStructionS: Tem;l)erlbey—Lieb
algebras

» There is no topological model for B(W) in general. I. Mikado braids

» Elements w € W can still be lifted to w € B(W) Thomas Gobet

because Matsumoto’'s Lemma holds for general Coxeter

groups. But there are elements of the form x~'y which

cannot be represented in the form uv—!. Example: let

W be universal, S = {s, t}, then s~ 1t cannot be

written in the form uv=! (B(W) is a free group!). It is

not clear how to generalize these two algebraic T
characterizations to make them equivalent. Artin-Tits groups

» There is no half twist if W is infinite.

4
(,'M M |

S’



The Artin braid
group

Mikado braids

Characterizations
of Mikado braids

Coxeter groups and
Artin-Tits groups

Mikado braids in
Artin-Tits groups

Topological models
in the classical
types

DA



Mikado braids,
Soergel bimodules,
and positivity in
Hecke and
e . . . Te ley-Lieb

» What about the condition: 7 is Mikado iff there are S

algebras
x,y € W such that = xy(,)?

I. Mikado braids

Thomas Gobet

The Artin braid
group

Mikado braids

Characterizations
of Mikado braids

Coxeter groups and
Artin-Tits groups

Mikado braids in
Artin-Tits groups

Topological models
in the classical
types

n}
v
a
8
a
!
it
v
it

DA



Mikado braids,
Soergel bimodules,
and positivity in

Hecke and
» What about the condition: /7 is Mikado iff there are Temperloy 1ie®
x,y € W such that g = XN(y)? I. Mikado braids
» Can we generalize the elements xy(,) to a larger family Thomas Gobet
so that

The Artin braid
group

Mikado braids

Characterizations
of Mikado braids

Coxeter groups and
Artin-Tits groups

Mikado braids in
Artin-Tits groups

Topological models
in the classical
types

u]
8
1l
n
it

DA



Towards a general definition of Mikado braids

» What about the condition:
?

» Can we generalize the elements xy,) to a larger family
so that

1. This family contains the elements x 'y and xy~! ?
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Towards a general definition of Mikado braids

» What about the condition:
?
» Can we generalize the elements xy,) to a larger family
so that

1. This family contains the elements x 'y and xy~! ?
2. This family is precisely all the xy(,y when W is finite 7
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Towards a general definition of Mikado braids

» What about the condition:

?

» Can we generalize the elements xy,) to a larger family
so that

1.
2.
3.

This family contains the elements x 'y and xy~! ?
This family is precisely all the xy(,) when W is finite ?
This family shares the important algebraic properties of
Mikado braids (for instance Matsumoto's Lemma) ?
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Towards a general definition of Mikado braids

» What about the condition:
?
» Can we generalize the elements xy,) to a larger family
so that
1. This family contains the elements x 'y and xy~! ?
2. This family is precisely all the xy(,y when W is finite 7
3. This family shares the important algebraic properties of
Mikado braids (for instance Matsumoto's Lemma) ?

» The answer is yes!
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Towards a general definition of Mikado braids

» What about the condition:

» Can we generalize the elements xy,) to a larger family

so that

1. This family contains the elements x 'y and xy~! ?

2. This family is precisely all the xy(,y when W is finite 7

3. This family shares the important algebraic properties of
Mikado braids (for instance Matsumoto's Lemma) ?

» The answer is yes!

?
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The Tits representation: a tool for the study of a
Coxeter group

> Let V =P, s Ras. Set B(as, o) := — cos(m/ms +)
and extend bilinearly to V' (set mss=1). Then B(:,-) is
a symmetric bilinear form (nondegenerate iff W is
finite).

» There is a faithful action of W on V, where s acts by

vi— v —2B(v,as)as.
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The Tits representation: a tool for the study of a
Coxeter group

> Let V =P, s Ras. Set B(as, o) := — cos(m/ms +)
and extend bilinearly to V' (set mss=1). Then B(:,-) is
a symmetric bilinear form (nondegenerate iff W is
finite).
» There is a faithful action of W on V, where s acts by
vi— v —2B(v,as)as.

» The set ® := {w(as) | w € W,s € S} is the set of
roots of W.
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The Tits representation: a tool for the study of a
Coxeter group

> Let V =P, s Ras. Set B(as, o) := — cos(m/ms +)
and extend bilinearly to V' (set mss=1). Then B(:,-) is
a symmetric bilinear form (nondegenerate iff W is
finite).

» There is a faithful action of W on V, where s acts by

vi— v —2B(v,as)as.

» The set ® := {w(as) | w € W,s € S} is the set of
roots of W. Let ®1 be the set of roots which are real
positive linear combinations of the ag,s € S.
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The Tits representation: a tool for the study of a
Coxeter group

> Let V =P, s Ras. Set B(as, o) := — cos(m/ms +)
and extend bilinearly to V' (set mss=1). Then B(:,-) is
a symmetric bilinear form (nondegenerate iff W is
finite).
» There is a faithful action of W on V, where s acts by
vi— v —2B(v,as)as.

» The set ® := {w(as) | w € W,s € S} is the set of
roots of W. Let ®* be the set of roots which are real
positive linear combinations of the as,s € S. Then
¢ =T J(—dT). A root « is positive if a € T,
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The Tits representation: a tool for the study of a
Coxeter group

> Let V =P, s Ras. Set B(as, o) := — cos(m/ms +)
and extend bilinearly to V' (set mss=1). Then B(:,-) is
a symmetric bilinear form (nondegenerate iff W is
finite).

» There is a faithful action of W on V, where s acts by

vi— v —2B(v,as)as.

» The set ® := {w(as) | w € W,s € S} is the set of

roots of W. Let ®% be the set of roots which are real

positive linear combinations of the as,s € S. Then
¢ =T J(—dT). A root « is positive if a € T,

Definition
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The Tits representation: a tool for the study of a
Coxeter group

> Let V =P, s Ras. Set B(as, o) := — cos(m/ms +)
and extend bilinearly to V' (set mss=1). Then B(:,-) is
a symmetric bilinear form (nondegenerate iff W is
finite).

» There is a faithful action of W on V, where s acts by

vi— v —2B(v,as)as.

» The set ® := {w(as) | w € W,s € S} is the set of

roots of W. Let ®% be the set of roots which are real

positive linear combinations of the as,s € S. Then
¢ =T J(—dT). A root « is positive if a € T,

Definition

A set AC & is closed if for all o, 5 € A,
(Rzoa aF Rzoﬁ) Nnot C A

Mikado braids,
Soergel bimodules,
and positivity in
Hecke and
Temperley-Lieb
algebras

I. Mikado braids

Thomas Gobet

Mikado braids in
Artin-Tits groups



The Tits representation: a tool for the study of a
Coxeter group

> Let V =P, s Ras. Set B(as, o) := — cos(m/ms +)
and extend bilinearly to V' (set mss=1). Then B(:,-) is
a symmetric bilinear form (nondegenerate iff W is
finite).
» There is a faithful action of W on V, where s acts by
vi— v —2B(v,as)as.

» The set ® := {w(as) | w € W,s € S} is the set of
roots of W. Let ®* be the set of roots which are real
positive linear combinations of the as,s € S. Then
¢ =T J(—dT). A root « is positive if a € T,

Definition
A set AC & is closed if for all o, 5 € A,

(R>ocx + R>03) N®T C A. It is biclosed if both A and
d1\A are closed.
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The Tits representation: a tool for the study of a
Coxeter group

» There is a canonical bijection between ®T and the set
T = UWQW wSw 1 of reflections of W, given by
wsw ™! tw(as) N O,

Hence we can talk about (bi)closed sets of reflections.
» Let y € W. Set N(y) :={t e T | L(ty) < ly)} (the
left inversion set of y).
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The Tits representation: a tool for the study of a s bimeduies

and positivity in

Coxeter group Temt
algebras

» There is a canonical bijection between ®* and the set I. Mikado braids

T:=Upew wSw! of reflections of W, given by UIZTEs (€58

wsw ™! tw(as) N O,

Hence we can talk about (bi)closed sets of reflections.

» Let y € W. Set N(y) :={t e T | L(ty) < ly)} (the
left inversion set of y). It can be checked that N(y) is
biclosed and that every finite biclosed set A C ¢t is
equal to N(y) for some y € W.
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T:=Upew wSw! of reflections of W, given by UIZTEs (€58

wsw ™! tw(as) N O,

Hence we can talk about (bi)closed sets of reflections.
» Let y € W. Set N(y) :={t e T | L(ty) < ly)} (the

left inversion set of y). It can be checked that N(y) is

biclosed and that every finite biclosed set A C ¢t is

equal to N(y) for some y € W. gl
» In particular, if W is finite, then biclosed sets of roots

are precisely inversion sets of elements.



The Tits representation: a tool for the study of a
Coxeter group

» There is a canonical bijection between ®T and the set
T = UWQW wSw 1 of reflections of W, given by

wsw ™! tw(as) N O,

Hence we can talk about (bi)closed sets of reflections.

» Let y € W. Set N(y) :={t e T | L(ty) < ly)} (the
left inversion set of y). It can be checked that N(y) is
biclosed and that every finite biclosed set A C ¢t is
equal to N(y) for some y € W.

» In particular, if W is finite, then biclosed sets of roots
are precisely inversion sets of elements.

» Exercise: Let W be the infinite dihedral group (i.e.
|S| = 2, no braid relation). Show that the biclosed sets
of roots are exactly inversion sets of elements, their
complements, plus two infinite sets of roots which are
complement to each other.
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Mikado braids,

Mikado braids in general Artin-Tits groups Soergel bimodule,

e

Temperley-Lieb
algebras

Proposition (Dyer, unpublished)

I. Mikado braids
Let x € W. Let A C &1 be biclosed. Let 515> - -5, be a Tisien G
reduced expression of x. Define

 f1g82 Ek
XA =818y -+-§ 7,

where ¢; = —1 if spSy_1---S;---Sxk_1Sk € A and 1 otherwise.

Mikado braids in
Artin-Tits groups



Mikado braids in general Artin-Tits groups

Proposition (Dyer, unpublished)

Let x € W. Let A C &1 be biclosed. Let 515> - -5, be a
reduced expression of x. Define

xp 1= 71852 - - - 8P,
where ¢; = —1 if spSy_1---S;---Sxk_1Sk € A and 1 otherwise.
Then x4 is well-defined and one passes from any reduced
expression of x5 to any other by applying a sequence of
mixed braid relations.
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Mikado braids in general Artin-Tits groups

Proposition (Dyer, unpublished)

Let x € W. Let A C &1 be biclosed. Let 515> - -5, be a
reduced expression of x. Define

xp 1= 71852 - - - 8P,
where ¢; = —1 if spSy_1---S;---Sxk_1Sk € A and 1 otherwise.
Then x4 is well-defined and one passes from any reduced
expression of x5 to any other by applying a sequence of
mixed braid relations.

Definition (Mikado braids in Artin-Tits groups)

Let W be a Coxeter group. We say that 3 € B(W) is a
Mikado braid if there is x € W and a biclosed set A C T
such that g = xx.
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» As noticed, there is no known topological model for a

general Artin-Tits group.
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» As noticed, there is no known topological model for a
general Artin-Tits group. But in some cases, there are,
for instance for the infinite families of spherical

Artin-Tits groups of type B, and D,,.
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» As noticed, there is no known topological model for a
general Artin-Tits group. But in some cases, there are,
for instance for the infinite families of spherical

Artin-Tits groups of type B, and D,,.
» The topological definition of Mikado braids is, as we

will see further, useful and even necessary in some cases
to show results involving Mikado braids.
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Mikado braids,

BaCk tO topology Soergel bimodules,
and positivity in
Hecke and
Temperley-Lieb
algebras
I. Mikado braids
Thomas Gobet
» As noticed, there is no known topological model for a
general Artin-Tits group. But in some cases, there are,
for instance for the infinite families of spherical

Artin-Tits groups of type B, and D,,.
» The topological definition of Mikado braids is, as we

will see further, useful and even necessary in some cases
to show results involving Mikado braids.

Topological models

» Question: Is there a topological characterization of in the classical
Mikado braids in the above mentioned cases? pes
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Topological models in the classical types: type Bj,  soe meies
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» If W is a Coxeter group of type By, then there are (at
least) two realizations of B(W) by Artin-like braids.
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Topological models in the classical types: type B, sor moies
e
Temperley-Lieb

algebras

» If W is a Coxeter group of type By, then there are (at
least) two realizations of B(W) by Artin-like braids.

I. Mikado braids

Thomas Gobet

First model: Artin braids on n + 1 strands
with an unbraided first strand.

- 'AVAR

Topological models
in the classical

types
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Topological models in the classical types: type Bj,  soe meies
" ecre
Temperley-Lieb

algebras

» If W is a Coxeter group of type By, then there are (at
least) two realizations of B(W) by Artin-like braids.

I. Mikado braids

Thomas Gobet

Second model: symmetric braids on 2n strands

VNY VYV YV
A \\\\\ ) \ o s
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» The right model for a topological characterization of Mikado algebras
braids is the second one. I. Mikado braids

Thomas Gobet
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Topological models in the classical types: type B,

> The right model for a topological characterization of Mikado
braids is the second one. Let W be of type Ay,—1 and let I
be the automorphism of W induced by s; — s,,_; for all
i=1,...,2n—1.
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Topological models in the classical types: type B,

> The right model for a topological characterization of Mikado
braids is the second one. Let W be of type Ay,—1 and let I

be the automorphism of W induced by s; — s,,_; for all
i=1,...,2n—1. It induces an automorphism I of B(

w).
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Topological models in the classical types: type B,

> The right model for a topological characterization of Mikado
braids is the second one. Let W be of type Ay,—1 and let I
be the automorphism of W induced by s; — s,,_; for all
i=1,...,2n—1. It induces an automorphism I of B(W).
The subgroup B(W)" C B(W) of fixed points under [ is
isomorphic to B(W") and W' is of type B,.
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Topological models in the classical types: type B, seg simod
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and positivity in
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> The right model for a topological characterization of Mikado algebras
braids is the second one. Let W be of type Ay,—1 and let I I. Mikado braids
be the automorphism of W induced by s; — s,,_; for all Thomas Gobet

i=1,...,2n—1. It induces an automorphism I of B(W).
The subgroup B(W)" C B(W) of fixed points under [ is
isomorphic to B(W") and W' is of type B,. It consists of
braids on 2n strands which are fixed under the automorphism
si — Spn—; (“symmetric braids”).
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Topological models in the classical types: type B,

> The right model for a topological characterization of Mikado
braids is the second one. Let W be of type Ay,—1 and let I
be the automorphism of W induced by s; — s,,_; for all
i=1,...,2n—1. It induces an automorphism I of B(W).
The subgroup B(W)" C B(W) of fixed points under [ is
isomorphic to B(W") and W' is of type B,. It consists of
braids on 2n strands which are fixed under the automorphism
si — Spn—; (“symmetric braids”).

Theorem (Digne-G., 2015)
Let B € B(W"). The following are equivalent
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Topological models in the classical types: type B,

> The right model for a topological characterization of Mikado
braids is the second one. Let W be of type Ay,—1 and let I
be the automorphism of W induced by s; — s,,_; for all
i=1,...,2n—1. It induces an automorphism I of B(W).
The subgroup B(W)" C B(W) of fixed points under [ is
isomorphic to B(W") and W' is of type B,. It consists of
braids on 2n strands which are fixed under the automorphism
si — Spn—; (“symmetric braids”).

Theorem (Digne-G., 2015)
Let B € B(W"). The following are equivalent
1. The braid 8 is a Mikado braid.
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Topological models in the classical types: type B,  ser smeiies
e
Temperley-Lieb

> The right model for a topological characterization of Mikado algebras
braids is the second one. Let W be of type Ay,—1 and let I I. Mikado braids
be the automorphism of W induced by s; — s,,_; for all Thomas Gobet

i=1,...,2n—1. It induces an automorphism I of B(W).
The subgroup B(W)" C B(W) of fixed points under [ is
isomorphic to B(W") and W' is of type B,. It consists of
braids on 2n strands which are fixed under the automorphism
si — Spn—; (“symmetric braids”).

Theorem (Digne-G., 2015)

Let B € B(W"). The following are equivalent Topological models
in the classical
1. The braid 8 is a Mikado braid. WP

2. There is an Artin braid in B(W) representing 3, such that
one can inductively remove pairs of symmetric strands, one
of the two strands being above all the other strands (so that
the symmetric one is under all the other strands).
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» Take the Artin group B(W") of type B,, topologically algebras
represented by symmetric braids.
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Topological models in the classical types: type D, soermodes
e and
Temperley-Lieb

» Take the Artin group B(W") of type B,, topologically algebras
represented by symmetric braids. The generator s, € B(W) I. Mikado braids
lies in B(W"). Let B be the quotient of B(W') by s2 =1 Thomas Gobet

Topological models
in the classical

types



Topological models in the classical types: type D, soermodes
e and
Temperley-Lieb

» Take the Artin group B(W") of type B,, topologically algebras
represented by symmetric braids. The generator s, € B(W) I. Mikado braids
lies in B(W"). Let B be the quotient of B(W') by s2 =1 Thomas Gobet

(“allow to invert middle crossings”).
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Topological models in the classical types: type D,  scrsmeiies
e
Temperley-Lieb

» Take the Artin group B(W") of type B,, topologically algebras
represented by symmetric braids. The generator s, € B(W) I. Mikado braids
lies in B(W"). Let B be the quotient of B(W') by s2 =1 Thomas Gobet

(“allow to invert middle crossings”).

Lemma (tomDieck '98, Allcock '02, Baumeister-G. '17)

Let W’ be a Coxeter group of type D,. Then B(W') can be
realized as an index two subgroup of B.
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Topological models in the classical types: type D,  scrsmeiies
e
Temperley-Lieb

» Take the Artin group B(W") of type B,, topologically algebras
represented by symmetric braids. The generator s, € B(W) I. Mikado braids
lies in B(W"). Let B be the quotient of B(W') by s2 =1 Thomas Gobet

(“allow to invert middle crossings”).

Lemma (tomDieck '98, Allcock '02, Baumeister-G. '17)

Let W’ be a Coxeter group of type D,. Then B(W') can be
realized as an index two subgroup of B. In particular, elements of
B(W') can be represented topologically.
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» Take the Artin group B(W") of type B,, topologically
represented by symmetric braids. The generator s, € B(W)
lies in B(W"). Let B be the quotient of B(W') by s2 =1
(“allow to invert middle crossings”).

Lemma (tomDieck '98, Allcock '02, Baumeister-G. '17)

Let W’ be a Coxeter group of type D,. Then B(W') can be
realized as an index two subgroup of B. In particular, elements of
B(W') can be represented topologically.

Theorem (Baumeister-G. 2017)
Let 3 € B(W') C B. The following are equivalent.

1. The braid 5 is Mikado.

2. There is a Mikado braid ' € B(W") such that 3 = m(53'),
where 7 : B(W") — B is the quotient map.
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» There also exist topological models for the Artin-Tits
groups in the following cases

» The free groups (i.e., the Artin-Tits groups attached to
universal Coxeter groups),

» Some of the Artin-Tits groups attached to affine
Coxeter groups.

» ... maybe some others ?

» Open question: is there a topological interpretation of
Mikado braids in these cases?
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