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Introduction The linear Boltzmann equation in energy

The linear Boltzmann equation

Describes the behavior of a neutron gas interacting with a host medium
(typically, the core of a nuclear reactor)

Q: bounded domain of R? with C! boundary
V : velocity space
f = f(t,x,v): population density of neutrons

Oif + v - Vif +o(x,v)f — / k(x,v - V)f(t,x,v)dv/ =0 J
v

Optical parameters:

o > 0: total cross-section of the background material
k > 0: scattering kernel
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Introduction The linear Boltzmann equation in energy

The energy description

w = v/|v|: trajectory angle of the neutron
E = m|v|?/2: kinetic energy of the neutron (m: neutron mass)

New unknown: neutron flux (v expressed via the pair (w, E))
o(t,x,w, E) = p(t,x,v) = |v|f(t,x,v) E € [Emin, Emax]

The linear Boltzmann equation

['m
Eatgo—i-w-vxcp—i-a(x,w,E)go
Emax
—/ / m(x,w-w', E, E') o(x,w', E"Ydw' dE' = 0
Emin |w’|=1

(P(O,X,w, E) = QOin(X,w, E)

¢ =0Vt E>0 and for (x,w) € [_ = {(x,w) € 92 x S : ny-w < 0}
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SR
Self-shielding

In some cases the amount of absorption reactions is dramatically modified
by the heterogeneity of the host medium

Incident neutron data } JEFF3.1.1 /1 MT=102 : {(z.g) radiative capture / Cross section
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Radiative capture cross sections of 238U and 240Pu
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SR
Two types of self-shielding

@ spatial self-shielding
@ energy self-shielding

Spatial self-shielding

Basic fuel element of light water reactors: fuel rod which contains fuel
pellets made of uranium dioxide.

A standard reactor core may contain some 15 million fuel pellets. The
neutron moderator surrounds these fuel rods. The spatial self-shielding is
phenomenon primarily connected with this heterogeneity of the reactor
core.

Dumas, L. and Golse, F. Homogenization of Transport Equations. SIAM J
Appl Math, 60(4), pp. 1447-1470, 2000 J
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Energy self-shielding

Energy self-shielding is related to the high oscillation of the optical
parameters with respect to the energy of the incoming flux.

Physicists noticed that the simple average of the optical parameters in the
linear Boltzmann equation does not allow to obtain accurate results
(reduction of the expected energy dependent neutron flux)

Practical strategy: introduce a correction on the averages of the optical
parameters in the linear Boltzmann equation

H. Hutridurga, O. Mula, F. Salvarani. Homogenization in the energy
variable for a neutron transport problem. Asymptotic analysis, in press J
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Luc Tartar's example
L. Tartar's example (1979)

For the unknown u®, consider the differential equation
X
o +o (;) u“=0; u®(0, x) = uin(x).
Notation for the Laplace transform (in the time variable) of a function:
f(p) = / e Pf(s)ds for p > 0.
0
Notation: let Y := (0,1)? be the unit cube in RY; for any v € L}(Y)
W) = [ vivay
Y

denotes the average of v in Y.
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Homogenization of an ODE Luc Tartar's example

Homogenization of Tartar's example
Theorem (Tartar)

Let the coefficient o(-) be a strictly positive, bounded and purely periodic
coefficient of period Y. Then the L> weak * limit upom(t, x) of the

solution family u€ satisfies the following integro-differential equation

t
i) 2 (o ingl(20) — / M(t — $)ttpom (5, %) ds = 0
0

Uhom (0, X) = uin(x)

where the memory kernel M(7) is given in terms of its Laplace transform

M(p) = p+ (o) — B(p) = /Y (p+0()~B(p))dy  vp>0,

p+o

d _1
with the constant B(p) taking the value B(p) := </ ﬁ) .
Y

v
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Numerica visualzation
(J. Mathiaud & FS)

0.5

0.4r

Solution of the non-homogenized problem (blue line) and of the exact
homogenized problem (red line) at time t = 0.4

Initial condition: u(x) = sin(x)/(1 + x?)

Absorption coefficient: o = cos(2r/¢)/4+1 e=10"1
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Homogenization of an ODE Numerical visualization

Comparison at time t = 0.4

0.251

0.2r

0.15f

- - naif approximation
—exact solution q

25 % 5 o 05 [0 05 1 15 & s
Solution of the exact homogenized problem (blue line) and solution of the
problem obtained by averaging the absorption coefficient (red dotted line)
Initial condition: u™(x) = sin(x)/(1 + x?)

Absorption coefficient: o = cos(27/e)/4+1 e=10"
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[T CEENIPEINIENOIDI=I A new approach to Tartar's example

Tartar's example revisited

{BtUG(t,x) + o(x)u(t, x) = (¢, x) (t,x) € (0, T) x Q

u®(0, x) = uf, (x) x €

€ ._ X € __ X e o X
of(x) =0 <x, e) , f(t,x):=f (t,x, e) , U (x) = uin <x, e) ,
o(x,y) € L=(Q; Cper(Y))

F(t,x,y) € L=((0, T) x 2 Cper(Y)),  tin(x,y) € L3(; Cper(Y))
Notation: Cper(Y) denote Y-periodic continuous functions on R9
Hypothesis: there exists a positive constant oy, such that

o(x,¥) > omin V(x,y) €Q XY
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[T CEENIPEINIENOIDI=I A new approach to Tartar's example

Two-scale convergence

The notion of two-scale convergence is a weak-type convergence as it is
given in terms of test functions
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[T CEENIPEINIENOIDI=I A new approach to Tartar's example

Two-scale convergence

The notion of two-scale convergence is a weak-type convergence as it is
given in terms of test functions

Definition

A family of functions v¢(x) C L?(Q) two-scale converges to a limit

vO(x,y) € L2(Q x Y) if, for any smooth test function 1(x, y), Y-periodic
in the y variable,

eli_rg/Qve(X)w <x, E) dx:/ﬂ/yvo(x,y)d)(x,y)dxdy.
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Homogenization of an ODE

Two-scale convergence: two results
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Two-scale convergence: two results
Theorem (Nguetseng, Allaire)
Suppose a family v¢(x) C L2(Q) is uniformly bounded, i.e.,

VL2 < €

with constant C being independent of €. Then, we can extract a

sub-sequence (still denoted v) such that v¢ two-scale converges to some
limit vO(x,y) € L2(Q x Y).
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Homogenization of an ODE A new approach to Tartar's example

Two-scale convergence: two results
Theorem (Nguetseng, Allaire)
Suppose a family v¢(x) C L2(Q) is uniformly bounded, i.e.,

Vo) < €

with constant C being independent of €. Then, we can extract a
sub-sequence (still denoted v) such that v¢ two-scale converges to some
limit vO(x,y) € L2(Q x Y).

Proposition (Nguetseng, Allaire)

Let v¢ be a sequence of functions in L?(2) which two—scale converges to a
limit v0 € L2(Q x Y). Then v¢(x) converges to ( = [ V°(x,y)dy
weakly in L2(Q), i.e.,

Ell'%/ﬂ ve(x)p(x)dx = /an(x)/y vO(x,y)dy dx for all ¢ € L3(Q).
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[T CEENIPEINIENOIDI=I A new approach to Tartar's example

Properties of the ODE
For any given g € L*°(Y), the linear operator

Lgv:=gv—(gv) Vve L%er(Y)
is bounded in L2_(Y) as

per

1CehlT2 vy =/Y|g(y)h(y) — (gh)|” 01y=/y|g(y)h(y)!2 dy — (gh)*
By Cauchy-Schwarz:

et =| [ en)ar| < ([ ety )

As a consequence, L, : L2, (Y) — L%er(Y) is the infinitesimal generator
of a uniformly continuous semigroup given by

(o] t”
tly _ Z L pn
e n!ﬁg

n=0
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Theorem (H. Hutridurga, O. Mula, FS)

U¢ — tpom  weakly in L2((0, T) x Q)

Ot Unom (t, X) + () (x) thom (t, x) — /o K(t — s, x)tunom(s, x)ds = S(t, x)

Uhom(oa X) = <Uin>(X)

The memory kernel is given by

K(r,x) = / o(x,y)e ™ Lio(x,y)dy
Y

The source term is given by

S(t,x) = (F)(t,x) — /O t /Y o(x, y)eEoo £ £(s, x, y) dy ds

- / o(x,y)e e Lium(x, y) dy.
Y
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[T CEENIPEINIENOIDI=I A new approach to Tartar's example

Explicit solution:

u(t,x) = U (X, E) e o (It 4 /Ot e 0 ((t=s)f <s,x, E) ds.

The regularity properties of the initial condition w;, and of the source term
f, together with the fact that ¢ > 0, imply that, uniformly in €

[[u[Loo 0,7y 22(0)) < € < 00

Nguetseng & Allaire’s theorem guarantees the existence of a subsequence
u€ which two-scale converges to a function u® € L2((0, T) x Q x Y)
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NG RO G
Equation satisfied by the limit u°

Passing to the limit as € — 0 in the sense of two-scale, we obtain
t
WOt x,y) = uin(x,y)e_U(X’Y)t + / e oxx)(t=s)f (s,x,y) ds
0

i.e., u° solves

0:0(t, x,y) + o (x, y)ul(t, x,¥) = f(t,x,y) (t,;x,y) € (0, T) xQAxY

W00, x,y) = tin (x,¥)  (x,y) €QXY
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[T CEENIPEINIENOIDI=I A new approach to Tartar's example

Decomposition
u¢ converges weakly in L2((0, T) x Q) to

Upom(t, X) = <u0)(t, X)

and we can then decompose the two-scale limit into a homogeneous part
and a remainder which is of zero mean over the periodic cell:

uO(t, %, y) = thom(t, x) + r(t, x,y) where  (r) =0.
We have
OtUnom + (X, ¥)thom + Ocr + o(x,y)r = f(t, x, y).
Integrating the above equation over the periodicity cell Y yields
Ottihom + () (X)thom = (F)(t, x) = (o(x, )r(t, x,-))

as the reminder r is of zero average in the y variable.
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A new approsch to Tartr's example
The coupled system for uom(t, x) and r(t, x, y)

Equation for the remainder term:

Orr + o(x,y)r — /Ya(x,y)r(t,x,y) dy
= ({0)00) = (x,) ) thom + F(£:x,¥) = (£t ).

Coupled system for upom(t, x) and r(t, x, y)
Ftthom + () (X)thom = (F)(t,x) = (a(x, )r(t, x,-))
Otr + Lor = —tpomL10 + L4f
Uhom (0, X) = (uin(x))
r(0,x,y) = Liuip.

F. Salvarani (Pavia & Paris-Dauphine) Homogenization for LBE Bonn, 07/06/2019

26 / 48



[T CEENIPEINIENOIDI=I A new approach to Tartar's example

The decoupled equation for upom(t, x)
Solve for the remainder term r(t,x,y) in terms of upom

t
r(ta X7y) = e_tﬁgﬁluin(xay) + / e_(t_S)l:U[’lf(s7X7.y) ds
0

t
—/ e (t9Le £15(x, y) thom (s, x) ds
0
Substitute this expression for the remainder in the evolution for upom

OtUpom + () (X)tpom = (F)(t, x)
t
+/ /a(x,y)e_(t_s)ﬁ"ﬁla(x,y)uhom(s,X)dyds
o Jy
t
—/ /U(X,y)e_(t_s)“’ﬁlf(s,x,y)dyds
o Jy

- / o(x,y)e e Lium(x, y) dy
Y
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[T CEENIPEINIENOIDI=I A new approach to Tartar's example

Extension

Assume that X€ is diagonalizable in the sense that there exists P € R"*"
invertible and D¢ € R"*" diagonal such that ¢ = PDP~ 1.

Oru(t, x) + Z(x)u(t, x) = (¢, x), u® € R”

u(0, x) = ujp (x, E)

=) =% (x7) = (T (x f))lgm %ij € L(Q Cper(Y))

€

f(t,x) = f <t,x, E) - <f,- (t,x, )—6())1«” fe € L°((0, T)x; Cper(Y))

F. Salvarani (Pavia & Paris-Dauphine) Homogenization for LBE Bonn, 07/06/2019 28 / 48



[T CEENIPEINIENOIDI=I A new approach to Tartar's example

Equivalence with Tartar's formulation

Suppose o(x,y) = o(y) (purely periodic absorption term)

The memory kernel I takes the form
K(r) = [ o)e™ (0 = (o) () dy

Proposition (H. Hutridurga, O. Mula, FS)
For any p > 0,
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[T CEENIPEINIENOIDI=I A new approach to Tartar's example
Proof

The Laplace transform for the memory kernel is

Rp)= [ errcwde= [ [ aterre e (o - @) () dyar

The Laplace transform of a semigroup yields the corresponding resolvent:

R(p) = /Y o(y) [P+ L7 (0 — (0)) (v) dy.

Consider now the equation

[P+ Lslgly)=f(y), yeY

for a given p > 0 and a given measurable function f of zero mean.
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[T CEENIPEINIENOIDI=I A new approach to Tartar's example

Averaging the equation in the y variable yields that it is necessary to have
the solution g(y) to be of zero average as well. Hence, for zero average
functions:

b+ Lolg(y) = p+o(¥)ely) - /Y o(y)g(y) dy

:p+g@m00—Axdm%wﬁaﬂdyZEMﬂﬂﬂ

A simple inspection reveals that a general solution to L1 ,8(y) = f(y) is
given by

_ fly) C
“ptol)  ptoly)

g(y)

where C needs to be chosen such that g(y) is of zero average:
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[T CEENIPEINIENOIDI=I A new approach to Tartar's example

As a result, by taking f(y) =0 — (o):

(y)—f{o)  B(p) [ oly)—{o)
p+o p+a/y p+o(y) 4

[p+ L] (o — (o) (v) = gly) =~ y

Using the above observation, we have:

£(p) :Aa(y) <U(y)— (o)  B(p) /Ya(y)— (o) dy> dy

p+o p+oly pt+oa(y)

[ a(y) = (o) B(p) [ aly)— (o)
_/Y( (y)+p)< p+o p+0/y p+o(y) dy) d

as g(y) is of zero mean. Some further computations show that

Rp) = ()~ B(p) [ 7005 dy = p+ (o) - Blp) = Fip),

thus proving the equivalence.
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Homogenization of the linear Boltzmann equation A priori bounds

The rapidly oscillating problem for the linear Boltzmann
equation (0 < e <« 1)

1/%8tg05+w-vx<p€+as (x,w, E)¢°

Emax
/ / (x,w- ', E,E") ¢°(x,w', E')dw' dE" = 0
mll'l /| 1
E
o (x,w,E) =0 <x,w, E, ;)

E/
K (x,w-w EE)Y=kK (x,w W' E,E, —)
5

o(x,w,E,y) and K (x,w -, E, E',y") are assumed to be periodic in the y
and y’ variables respectively.

The equation is complemented with zero incoming flux condition on the
boundary and initial condition i, € L2(2 x S971 X (Emin, Emax))
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Homogenization of the linear Boltzmann equation A priori bounds

Further hypotheses on the optical parameters
Let

Emax
R (x,w, E) = / / K (x,w-w' E,E") du' dE/
Emin Sd_l
Emax
R (x,w, E) = / ke (x,w-w' E' E) du' dE'.
Emin Sd71
Assume that there exists a > 0 such that for all € > 0,
o (x,w, E) — kK (x,w,E) > a and o°(x,w,E)— Rk (x,w,E) >«
Hypothesis on the kernel structure

k¢ exhibits separation in the E and E’ variables:
E/
KE(x,w-w' E, E') := k1(x,w -, E)ka (x,w -w', E, —)
€

with k2 (x,w - W', E’, y') being periodic in the y’ variable.
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Homogenization of the linear Boltzmann equation A priori bounds

Positivity property of the Boltzmann operator

Here (-) denotes integral over the interval (0,1), i.e. averaging over the
periodic cell in the energy variable:

1
(v) :=/0 v(y)dy for all v € L}(0, 1).

Notation: V = S9-1 x (Emins Emax)

O°f :=0°f — / KE(x,w- W', E,E")f(x,w', E"Ydw' dE’, Vf e L3(Qx V).
\

Proposition

If (o€, k%) satisfy the previous assumptions, then for all € > 0 and all
fel?2(QxV),

(Qafv f)LQ(QXV) 2 O‘Hf”i?(QxV)'
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Homogenization of the linear Boltzmann equation A priori bounds
Proof

From the Cauchy-Schwarz inequality and the definition of k° and R®:
2
(/ / f(x,w, E)f(x,', E')k(x,w - o', E, E') dw dE dw’ dE')
VJV
< (/ / 1 (x,w, E)|? k°(x,w - ', E, E') dw dE du’ dE’>
vVJV
(/ / |F(x,, E")|? 55(x,0 - o, E, E') dw dE do’ dE’>
vVJV

- (/V|f(x,w, E)P 7 (x,w, E)dwdE) (A]]f(x,w, E)P # (x,w, E)dwdE)
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Homogenization of the linear Boltzmann equation A priori bounds

Thanks to Young's inequality and our assumptions:

(Q°f, f)L2(QxV)Z/ dx/\f(x,w,E)|208(x,w,E)dwdE
Q A\

_/Q</V IF(x, w0, E)2 7 (x, w, E) du dE) 1/2</V|f(x,w, E)? 7 (x, w, E) dw dE)

> al|fIF2a5w)

Lemma
If (0°, k%) satisfy the previous assumptions, then there exists C > 0 such

that for all € > 0, the solution ¢° satisfies

[6%]lLoe (0, TyiL2@xvy) < € and  [[@%[l a0, Tyxaxy) < €.
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Homogenization of the linear Boltzmann equation The homogenization result

The main theorem

Theorem (H. Hutridurga, O. Mula, FS)
Let ¢ = p°(t, x,w, E) be the solution of the equation

0:0° + VEw - Vi + 0° (w, E) ¢*—

Emax
/ / (w-w', E,E'") (v, E")dw' dE" = 0
(/J

Emin Il 1

(P(07X7W7E):<p§n(wi’E)
o (t,x,w,E)=0 Vt>0 and for (x,w)el_

where the coefficients and the data are of the form ...
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Homogenization of the linear Boltzmann equation The homogenization result

E
o°(w,E) :=VEo (w, E, —) with o € L(V; Cper(0,1))
€
€ E 2 2
Vi (X, w, E) == @in | X,w, E, — | with gy, € L7(Q X V; Cper(0, 1))
€

El
K (w -, E,E") := VE ry(w - o, E)ra (w W' E ?) with

K1 € L ([_17 1] X [Emina Emax]) and
K2 € L ([_17 1] X [Emim Emax]; Cper(ov 1)) o

Then,
©° — pom  weakly in L2((0, T) x Q x V)

and nom satisfies the partial integro-differential equation . . .
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Homogenization of the linear Boltzmann equation The homogenization result

8tSOhom + \/EO.) : v><90hom + \/E <0'>90hom

En’lax

1
- /d 1 VE k1 (w - o, E)/ ka(w - W', E' Yy ) onomdy'dw’dE =
Sa= 0

Emin

Emax 1
/ / VE ki(w - o, E)/ ko(w-w', E',y')x
Emin Sd-1 0

t
[e‘t‘/ﬁﬁ"ﬁlcpin—/ e_(t_s)‘/ﬁﬁ"\/ﬁﬁla(w’,E/,y’)aphomds dy’dw'dE’
0

1 t
—\/E/ o(w, E,y) {e‘tﬁﬁ"ﬁlwin —/ e_(t_s)ﬁﬁf’\/Eﬁla(w, E,y)x
0 0

®Phom dS] dy:

with initial condition @hem(0, x,w, E) = (pin(x,w, E,-)) and zero
absorption condition at the in-flux phase-space boundary.

v

F. Salvarani (Pavia & Paris-Dauphine) Homogenization for LBE Bonn, 07/06/2019 43 / 48



Homogenization of the linear Boltzmann equation The homogenization result

Concluding remarks on the assumption on the optical
parameters o° and k°

@ The assumption of separability
E/
kK (w- W' E E") = \/E/il(w W' E)ka (w W' E, 5)

simplifies the computations in the proof. It also lead to a relatively
simpler homogenized model.

@ In the above separable structure, we can further allow the factor x; to
oscillate in the E-variable. The proof of the main theorem can be
reworked in this case, at the price of arriving at a more complex
two-scale system. The memory structure remains the same but with
additional terms.

@ It is apparent from the proof of the main theorem that the energy
oscillations in o, not those in the scattering kernel, resulted in the
memory effects in the homogenized limit.
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Homogenization of the linear Boltzmann equation Numerical simulations

Numerical illustration of the homogenization limit
E Emax E/
Orp(t,E)+ o (—) o (t, E) = / K <—> ©°(t, E')dE’
€ Emin €
©°(0, E) = ¢ (E)
for (t, E) € [0,10] X (Emin, Emax) = (0,1).

Strategy: family of orthogonal Legendre polynomials in L2(Emin, Emax)
denoted by {{x}k>0

Define the modes

mi(t) = (9°(t, ) b Dr2((Brin Ennl) » K =0
of the solution for t € [0, T]. Likewise,

mzom(t) = (sphom(n ')’Ek(.))Lz([EmimEmax]) ’ k 2 0

are the modes of the homogenized solution @nhom.
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Numerica simulations
Numerical simulations for o(y) = 2 + Zsin(27y),
k(y') =1+ 3sin(2my’), pu(y) = 1 +sin(2my)

10114
10-13

107154

Convergence rate in € of the error e} =

Convergence rate

: 3
| /:Moment 0

—e— Moment 1
—e— Moment 2
—e— Moment 3
—o— Moment 4

Moment 5

Moment 6
—e— Moment 7

1074 102 1072 107% 10°

Norm difference

— diff

104 1073 102

maxie(o, 1] Mg (t)
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F. Salvarani (Pavia & Paris-Dauphine)

Homogenization for LBE

107!

— miem(t)| (left)

Bonn, 07/06/2019

47 / 48



Homogenization of the linear Boltzmann equation

THANK YOU FOR YOUR ATTENTION

F. Salvarani (Pavia & Paris-Dauphine)

Homogenization for LBE



	Introduction
	The linear Boltzmann equation in energy
	Self-shielding

	Homogenization of an ODE
	Luc Tartar's example
	Numerical visualization
	A new approach to Tartar's example

	Homogenization of the linear Boltzmann equation
	A priori bounds
	The homogenization result
	Numerical simulations


