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Context.

In plasma dynamics forced by strong magnetic fields, coexist
@ strong oscillations ensuring confinement of energetic particles;

@ a slow dynamics uncoupled at leading order.

Goal: prove the above claim and design suitable numerical schemes.

This is the so-called gyrokinetic theory.
State of the art of the analytic theory (even now):

@ either geometrically trivial PDEs; (St-Raymond, Miot, Bostan)

@ or linear PDEs. (Frénod-Lutz, Possaner)
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A dumb example.
(x*,v¢) : R — R%2 x R?.

dx® . dve o 1
Ko =ve. Y= -lem |
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A dumb example.
(x*,v¢) : R — R%2 x R?.

dxe B dve 1
E(t) = v(t), E(t) (v(e)".

&

Short-time uniform bounds

v ()l = lvo(O)ll, X (eIl < [Ix*(O) I} + [t} [Iv=(O)l] -
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A dumb example.
(x*,v¢) : R — R%2 x R?.

dx® dv®

£ — 1 <
O =V, () = ()"

Short-time uniform bounds

v ()l = lvo(O)ll, X (eIl < [Ix*(O) I} + [t} [Iv=(O)l] -

Uncoupling x* from v&

vi(t) = %(e(vs)L) (t), %(xf—g(ve)L) (t) = 0. J

Thus

[[x*(t) = x*(0)[| < 2 lv*(0)] -
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A dumb example.
(x*,v¢) : R — R%2 x R?.

dx® . dve o 1
T =v), ) = )
Improved uniform bounds
IVl = v (O, X ()l < [x°(0)I] + min({]z], 2¢}) [lv*(0)]] -
Uncoupling x¢ from v&
vi(t) = %(a(va)l) (t), %(x —g(vf)L) (t) = 0.

Thus
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Uniform magnetic fields, transverse dynamics.

dx® . dv® 1. B .
TO =V GO - ) ). |
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Uniform magnetic fields, transverse dynamics.

dv®

dx€ & _ 1 & & &
TO=v0 0= O Ee0). |

Short-time uniform bounds.
vl < [IvC(O)[| + 2 [t[ [[E||Le- ,
Ix= ()11 < (X0 + [¢] [V (O)]| + £ [|E®[| 1o -

V(1) = (00 ) (1) — (B (X (1)),
S (e —)) (1) = —=(E) (e (1)).

Thus

[[x=(t) =x(0)[| < & (2[v(O) [} + 31¢[E"[|e) -
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Uniform magnetic fields, second order.

Guiding center variable

so that
dxg

(1) = — = (B (6 xeu(0) 2 (v) ).

y Nge
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Uniform magnetic fields, second order.

Guiding center variable

so that
dx

(1) = — = (B (6 xeu(0) 2 (v) ).

Proposition

xGe(t) = Yee(0)]| < %lldxE | ioe € 1FI=E (£ |lve(0)]| + £ |E]| 1)
where yg. solves
dygc e\L &
W(t) = _8(E ) (tvygc(t))7
Yee(0) = xgc(0) -
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Large-time uniform estimates, first way.

dxa & _ 1 & & &
TO -V GO - SO+ Eexw). |
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Large-time uniform estimates, first way.

dv®

dxa & _ 1 & & &
TO=vO 0= @ ED).

Introducing a more purely oscillatory variable.

% (v + (B ) (1) = = (vo(0) + (B (e ()
= (DB (6,5 (8)) + du(E)H (e, () (v (8)) ) -

Thus
V()] < &I (v ()] + 22 €7

+ e [t] (0:E° | + IIdeSIILwHEEHLw))
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Large-time uniform estimates, second way.

Kinetic energy variable

1
e(v) i= 5Iv7|1?

as a slow variable.

de(v) ) _ (v Er(e st
(1) = (v B ().
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Large-time uniform estimates, second way.
Kinetic energy variable

1
e(v?) = 5 [Iv°|?

as a slow variable.

de(vg) _ = & =
(1) = (v B ().

Introducing a slower variable, uncoupling e from ve.

% (e(va) —e((v®)*, Ea("xa)>> (t)

= —= (V)5 (OB (£, (1)) + (8,5 (1)) (VA (2)))

Same kind of conclusion.
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Uniform magnetic fields, large time.

% (= cv)*) (1) = —=(E) (6,7 (0))
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Uniform magnetic fields, large time.

(x = =(v)*) (1) = —=(E) - (£.x°(1)).

Sle

Proposition

Io(8) =y (0)] < e 2= ME N (2 (v (0)] + < |EF o)
+ e t] (IOEl|ioe + 142l E¥l 1) )
where y© solves _
V) = = (E) (v (1)),
y*(0) = x°(0).
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From nonlinear ODEs...

Let ® and dy,,, be flows associated with respective ODEs

dd_>t((t) = X(t,X(t)) and d—?(t) = Xslow(ta a(t))

and A and M be slow maps and weights such that, for a.e. t >0,

IA(E, ®(£,0,X0)) — Patons (£, 0, A(0, Xo))|| < M(t,Xo) - ]
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...to linear PDEs.

Then if f solves

Def + divx(X F) = 0, £(0,) = fo, |

and F(t, ) = A(t,-). f(t,-) is the push-forward of f by the slow map A
then for a.e. t >0

IF(t.) — Gt yosn < / M(t, )l
where G solves

9:G + diva(Xas G) = O, G(0,-) = A(0,)s fo. J
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Pushing forward and averaging.

Definition: dual to composition, (A, ¢) := (u, o o A).
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Pushing forward and averaging.

Definition: dual to composition, (A, @) := (1, o A).

Pushing by characteristic flow (from 0 to t):

Oif + divx(X f) =0 solved by f(t,-) = &(t,0,:).(f(0,-)).
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Pushing forward and averaging.

Definition: dual to composition, (A.u, ) := (1, p o A).

Pushing by characteristic flow (from 0 to t):

Oif + divx(X f) =0 solved by f(t,-) = &(t,0,:).(f(0,-)).

In regular cases, averaging over level sets

B dO’a(X)
A (F)(2) = /A_l({a}) ") A @A) J

where o, denotes the surface measure on A~1({a}).
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The Vlasov equation.

€

Orfe + div(fev) + divy (ff (Ef(t,x) = le)) =0 J

Macroscopic density

P() = A(L, ). (L) = /R F2(t, ) dv.

with A(t, (x,v)) = x.
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The Vlasov equation.

0t + divg(fov) + divy (f‘5 (Ea(t,x) - EVL)) =0

€

Macroscopic density
P() = A(L, ). (L) = / F2(t, ) dv.
R2
with A(t, (x,v)) = x.
Corollary

0" () = FE( 11 < € Cjiee)pae et /(1+ [IvI[d[fol(x, v)

where F¢ solves

OF¢
ot

— & divy (FE(EE)L> ~0, FE(0,-) = p°(0, ) .
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Inhomogeneous magnetic field.

dx¢ .
®W = v
M = ZEXD ) 1 e ()

with non vanishing B°.
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Inhomogeneous magnetic field.

dx® .
) = v
M = ZEXD ) 1 e ()

with non vanishing B°.

After a first elimination,

d (o
a (X — EBE(-,XE)) (t)
_EHEX() ey (). R
- By v v (5 ) (o).

Quadratic term in v&.
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Back to the dumb example.

dve 1, .
V) = o) |

implies for any quadratic form Q

QW V) = 2 (QUVF.v) + Q(v)*. (v) )

2
+ 200 v) - 0 () )
= Tr(Q) e(v®) — 5% (%?R(Q)(vaa (Va)L)>
where 1
e(v°) = EH‘/aH2
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Inhomogeneous magnetic field, large time.
Proposition

16, 3lvel*)(2) ()] <

8t\lvs(O)IItEIIE lw2,00-ll B2 .00
where (y©, e%) solves (y¢, e )EO) = (x%, 3[|v-]|?)(0) and
10 - -Slevo - covi (5 ) @y

pe )L
éil_t(t) = €(t) divk <(EBQ )(t,ys(t))
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Inhomogeneous magnetic field, large time.

Proposition

16¢, 2IveIP)() - (. ) B)]| < €

et [ve @) l1E¢ 2,00l B ll .00
where (y<, ) solves (y*, e%)(0) = (x%, 1||v-||?)(0) and
1 dyE _ (EE)J_ € € 1 1 €
Y0 = -Eley) - vt (5:) 6 y)

pe )L
ét_t t) = e(t) divk <(E52 )(t,ys(t))

Remark 1. When B¢ is constant, the equation on y® uncouples

and if moreover E is curl-free, dde: =0.
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Inhomogeneous magnetic field, large time.

Proposition

e 1 2 _ (yE oE <
H(X 72HV6H )(t) = (¥, e )(t)H = 8CgLHVE(O)||767||EsHW2,OO,||%||W1700
where (y<, ) solves (y*, e%)(0) = (x%, 1||v-||?)(0) and

]-dy8 _ (EE)J_ € € 1 1 €
10 = Bl (y(e) - eV (o) ey

pe )L
ét_t t) = e(t) divk <(E82 )(t,ys(t))

Remark 1. When B¢ is constant, the equation on y® uncouples
and if moreover E is curl-free, 9 =

v de T
Remgrk 2. (1)
et e (t & € €
st (7.37) 05 (e 48 - hED ()

thus Faraday's law implies adiabatic invariance of u® := e*/B*(+, y°).
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General magnetic fields.
Dropping e-superscripts on fields...

B(t,x) = B(t,x) e(t,x), B(t,x) = ||B(t,x)|| .
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General magnetic fields.
Dropping e-superscripts on fields...

B(t,x) = B(t,x) e(t,x), B(t,x) = ||B(t,x)|| .

'Perp’ operator

J(t,x)a = ane(t,x)
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General magnetic fields.
Dropping e-superscripts on fields...

B(t,x) = B(t,x) e;(t,x), B(t,x) = ||B(t,x)|| .

'Perp’ operator
J(t,x)a = ane(t,x) }

Decompositions
vil(t,x,v) = (v, e;(t,x)),
vi(t,x,v) = v—v(t,x,v) e;(t,x),
eJ-(t7X7V) = %HVJ-(t’X’V)”Za
Ey(t,x) = (E(t,x), e|(t,x)) ,
E, (t,x) = E(¢t,x) — E;(t,x) ej(t,x).

L.M. Rodrigues (Rennes & I.U.F.) Large-magnetic field & schemes



Slow-fast identification.

dx dv  B(:,x%) oy e .
R a0 RO N
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Slow-fast identification.

dx dv  B(:,x%) oy e .
T G W) +Eex). |
Eliminating v |
JE | J dve
. € € = JE— €) _ N € R
VJ—(7X7V) €B(’X) gB(Jx)(dt)' J
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Slow-fast identification.

dx® . di B(-,x)

EZV ) dt :TJ(,X)(V)‘{‘E(,X)

Eliminating v |

. - JE . J o [ dvE
i) = TR — 5 ()
Slow variables
o
dt
d
% = Ej + (vi,0re;+dgey v¥),
deL

s (EL — vi (Orey +dxey v°),vy),

where evaluations are dropped.
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General magnetic fields, first order.

Theorem (Filbet—LMR, preprint 2018.)

(x5, vy (-, x5, ve), e (+,x5,v®)) is O(e) close to Z° = (y®, v¢, €°) solving

26 = (e Z:(0)

with the same initial datum, where
ve(ty)
Vo(t,Z) = | Ei(t,y) + e divxe(t,y)

—ve divke(t,y)
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Spatial trajectory, failure of drifts.

Exact vs. first-order.

Reference trajectory : system (2.2)
First order model : system (2.6) ——

4 A alqy
// WX
2 / TN \
z 0 - -12
2 A -8
-4 - -4
0
X

a
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Drifts.

JE 1
UexB = R Uvsx = JVyx (E) ,
J 1
Uy, = ~B ocey, Ucurle, = E(curlxe",e"> e,
J
Ucurv 1= _E(dxell E||),
2 = U8t + VUcurva
Uarit = UexB + vZ + e (Ucurie, + UvBxB) -
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Guiding-center variables.

v
Xgo(t, X, V) == x + ‘5

Vge(ts X, V) 1= vi + & (vi, X) + % (Jvy, R(dxey)vy)

egc(t,x,v) = ey — & (v, Ugxg + v X)
gV
- 2_3" (Jvi, R(dxer)vy)
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General magnetic fields, second order.

Theorem (Filbet—LMR, preprint 2018.)
(Xges Ve (+, X%, V), €gc(-, X%, v¢)) is O(£?) close to Z; solving

dZ, .
5 (1) = (Vo + = V1)(6:Z5e(1))

with the same initial datum, where
Udrite
Vi = (X,E) + edivg X

—e [(Ucury, E) + divx (Ugxg + vX)]

For an example of large time, see also Filbet-LMR, preprint 2018.
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lllustration: spatial trajectory.

Exact vs. second-order.

Reference trajectory : system (2.2)
Second order model : system (2.16) ———

%% :'{‘5
(1 S

2 - iy ey
W e
2 0 - ‘\‘;‘ E,,;’, -12
2 A po! ‘ ,"'"/ -8

a
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Preserving asymptotics.

h discretization parameter.
£ asymptotic parameter.

'Pﬁ e—0 ,Pg
h h
! 1
0 0

’P‘f e—0 PO
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Goals.

Main goals
° Py — 77,? uniformly in h:
compute slow dynamics even with a low resolution.
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Goals.

Main goals
° Py — 77,? uniformly in h:
compute slow dynamics even with a low resolution.

e P; — P§ uniformly in e:
uniform accuracy on slow variables.
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Goals.

Main goals
° Py — 77,? uniformly in h:
compute slow dynamics even with a low resolution.

e P; — P§ uniformly in e:
uniform accuracy on slow variables.

Extra constraints

@ Non invasive and robust.

@ Higher-order.
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Goals.

Main goals
° Py — 77,? uniformly in h:
compute slow dynamics even with a low resolution.

e P; — P§ uniformly in e:
uniform accuracy on slow variables.
Extra constraints

@ Non invasive and robust.

e Higher-order.

Similar goals in
Frénod-Hirstoaga-Lutz-Sonnendriicker, Commun. Comput. Phys. 2015.

Computation of a few oscillation phases in
Crouseilles-Lemou-Méhats, JCP 2013.
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Particle-in-cell methods.

Fix a time step At. For some m € N*, fy approximated by

m
0_2: m
fm— wkéxlfn.

k=0
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Particle-in-cell methods.

Fix a time step At. For some m € N*, fy approximated by

m
0_2: m
fm— wkéxlfn.

k=0

Then, for n € N,
fEn,At,m — (q)nAtm (fo Zwk ¢nAtm(Xk)‘

where @725 s a discrete flow approximating ®°(nAt,0, ).
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Particle-in-cell methods.

Fix a time step At. For some m € N*, fy approximated by

m
0_2: m
fm— wkéxf(n.

k=0

Then, for n € N,
fE"’At’m — ((Dn JAt,m (fO Zwk on A, mxk)
where @725 s a discrete flow approximating ®°(nAt,0, ).

Remark. For nonlinear PDEs, everything is computed altogether
and Dirac masses are smoothed.
For Vlasov-Poisson, see Filbet-LMR, SIAM Num. Anal. 2016

and Filbet-LMR, SIAM Num. Anal. 2017.

L.M. Rodrigues (Rennes & I.U.F.) Large-magnetic field & schemes



Outline.

@ Elements of gyrokinetics

© A few asymptotic preserving shemes

@ Homogenous magnetic fields

© Conclusion

L.M. Rodrigues (Rennes & I.U.F.)

Large-magnetic field & schemes



Long time variables and slow fields.

From now on, we restrict to dimension two and large time asymptotics.
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Long time variables and slow fields.

From now on, we restrict to dimension two and large time asymptotics.

For the sake of clarity, we replace t with ¢t

v(t)

B eyt 4 (e (1)

dx®
13 E(t)

dv®
€ E(t)

€

hence implicitly assuming slow fields.
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Homogeneous case: a first-order scheme.

(q)g,m(xg,vg))ne,\, computed through

Xg+1,At B Xg,At Vg—i—l,At
At e
n+1,At n,At n+1,Aty |
Ve — Ve’ _ 1 _ (Vs ) + E(tn Xn,At)
At 5 € Atr%e

where t3, = nAt.

Inspired by Boscarino-Filbet-Russo, J. Sci. Comput. 2016
on dissipative problems.
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Homogeneous case: a first-order scheme.

( gvAf(xg,Vg))neN computed through

Xn—&—l —xn Vn+1
At e
vn+1 —_yn 1 (Vn+1)J_
- E(t". x"
At 5( P (¢, ))

where t" = nAt.

Implicit dependences on ¢ and At.

Inspired by Boscarino-Filbet-Russo, J. Sci. Comput. 2016
on dissipative problems.

L.M. Rodrigues (Rennes & I.U.F.) Large-magnetic field & schemes



Consistency when ¢ — 0 at fixed At.

Proposition (Filbet-LMR, SIAM Num. Anal. 2016.)
Fix At > 0. Assume
@ for any n € N, 52xg 830 0;
e—=0
o (x2,ev) = (¥°,0).
Then, for any n, there exists y” such that

ne—=>0 p
X — Yy .

Limiting sequence satisfies

From now on, fixed initial data.
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Convergence analysis, spatial variable.

Proposition (Filbet—LM R-Zakerzadeh, work in progress.)

[1x*(2") = y(tn)ll = O(e), ,

ly(t") = y"| = O(At),
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Convergence analysis, spatial variable.

Proposition (Filbet—LM R-Zakerzadeh, work in progress.)

() —y(t)l = O@), K —y"ll = O),
I¥(e") — 3"l = 0(a0), [ ~x(t)] = O (min ({ae+= 5 1)).
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Convergence analysis, spatial variable.
Proposition (Filbet—LMR—Zakerzadeh, work in progress.)

) =yl = OE), X —y7ll = O),
I¥(e") — 3"l = 0(a0), [ ~x(t)] = O (min ({ae+= 5 1)).

y

Thus
O(At) when e < At
x2 —x*(tn)]| = § O(¢) when e* < At <e
O (%;t) when At < &*

and in particular ||x? — x*(t,)|| = O((At)%)-
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Convergence analysis, guiding center.

Proposition (Filbet-LM R-Zakerzadeh, work in progress.)

Ixge(t") = yge(tn)]| = O(<?),

[¥ge(t") = (yeo)2ll = O(A1),
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Convergence analysis, guiding center.

Proposition (Filbet—LMR-Zakerzadeh, work in progress.)

Ixge(t") = Yee(ta)ll = O(e?),
1(xge)2 = (vee)ZIl = O(e?+Ate),
[¥ge(t") = (yeo)2ll = O(A),

| (xge)? — Xt = O (min ({At+52, ?j})) |
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Convergence analysis, guiding center.

Proposition (Filbet—LMR-Zakerzadeh, work in progress.)

Ixge(t") = Yee(ta)ll = O(e?),
1(xge)2 = (vee)ZIl = O(e?+Ate),
[¥ge(t") = (yeo)2ll = O(A),

I(xe02 = etell = © (min ({ae+2. 57 1)).

O(At)  when €2 < At
[(Xge)? = Xge(tn)l| = § O(?)  when £° < At < &2
O (%) when At<eb

Thus

and in particular [|(xge)? — x5 (ta)]| = O((A1)3).



Phase space, ¢ = 0.1.

(a) spatial trajectory,

reference trajectory ——
| 1st order (3.2) o
2nd order (3.4)-(3.6)
Ind order (3.8)-(3.11) o
[ 3rd order (3.13}(3.17) o
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(b) velocity trajectory.

|quiding center velocity ——
1st order (3.2) 0
2nd order (3.4)-(3.6)

'nd order (3.8)-(3.11)
3rd order (3.1313.17)

'
0
[}

reference velocity ———

41210 -8 6 4



Phase space, ¢ = 0.01.

(a) spatial trajectory, (b) velocity trajectory.
_réferencétrajeétory T qf Jeferéncedelocity . — e 2
| 1st order (32) 0 | 4 quiding center velocity ——
nd order (34)-3.6) o |1st order (3.2) 0 15
L2nd order (3.8)-3.11) o 13 nd order (34H(3.6) o
3rd order (3131317) o | 2nd order (38}(3.11) o 0
L 12 3rd order (313K317) o
L 14 F 15
r 10 40
L 11 L 1
r 102
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Phase space, ¢ = 0.001.

(a) spatial trajectory, (b) velocity trajectory.
Terencetaecoy 10 Jefle.réncev‘elocit‘y . Y. 20
| 1storder (3.2) o 14 guiding center velocity ——| §
2nd order (3.4)-36) | 1st order (3.2) o |9 15
L2nd order (3.8)-3.11) o 13 nd order (34H(3.6) o
3rd order (3131317) o | 2nd order (38}(3.11) o 0

12 3d order (3.13-3.17) o

14 r 1
10 - i
1 | I
102
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Continuous systems.

e

& Clt \"

dv® . B(tvxe(t)) eyl 15
S = S+ E(n ()

(x5, %HVEHQ) converges to (y, e) such that

1
2o = Sy - o0 (3) 630

. I
%(t) = e(t) divyk (%) (t,y(1))

[ssue

How to get v¢ go to 0 weakly and ||v||? go to 2e strongly at discrete level ?

y
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Augmented version.
An answer. Discretize

( dx® .
“dt
de®
“dt
dwe® B
e

E =

dt

and recover v by c_ w®
2e°
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Augmented version.

An answer. Discretize

 dx® .
TR
de®
= — (E.wf
S dr )
€ B
de — _(Wg)l + E_ X(e€’wé)vx(|n(8))
dt & )
and recover v¢ by v = Vo We
[[we |
x chosen so that
X(%HW||27W) =0, Jliﬂ;lox(e,w):e.

See Filbet-LMR, SIAM Num. Anal. 2017.
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Accuracy.

Errors (a) [|x2t — x|, (b) |IvAt — vé|| for a third order scheme.
102
107 4 =
o 100 |
10 4
= = 102 ~
§ 107 L
D w -4
03100 4 oY 10
x >
" 107 | T 10y
108 { At=0.0025 —— 108 |
A't=0.0050
At=0.0100 —=—
109 & : . . . 10710 4
0.001  0.01 0.1 1 10 0.001
€ in log scale € in log scale
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Asymptotics.

Errors (a) [x2t -y, (b) |lvAt —"v"|| for a third order scheme.
1071
10-1 4
102 4 102 |
?=< 102 | ; 103 4
'3’<:11o*1 1 ‘510-4 ]
10 4
10°
106 4
106 & T T : . ‘ ‘ ‘ ‘ ‘
0.001 001 0.1 1 10 0.001 001 0.1 1 10
€ in log scale € in log scale
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Transitions.

Third order IMEX Runge-Kutta Third order IMEX Runge-Kutta
1071 102
102 4 100 |
-3 |
10 102 |
10 4
0 104 |
107 |
106 1
106 1
1 XEp - XEII —O— 108 1 1 VEA - VEIl —o—
07 I X8p - XO N —0— 11 VEp - VO I —0—
0.001  0.01 0.1 1 10 0.001  0.01 0.1 1 10
€ in log scale € in log scale

Superimposed comparisons.
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References. Filbet-LMR,

@ Asymptotically stable PIC methods for the VP system with strong external magnetic field.
SIAM Num. Anal. 2016.

@ Asymptotically preserving particle-in-cell methods for inhomogeneous strongly magnetized
plasmas. SIAM Num. Anal. 2017.

@ Asymptotics of the three dimensional Vlasov equation in the large magnetic field limit.
preprint 2018.

@ Convergence analysis of asymptotically preserving schemes for strongly magnetized
plasmas. Work in progress. With Zakerzadeh

Analytic prospects.
e Large time complex 3-D geometries.

o Nonlinear fields.

@ Interaction with evanescent collisions. See work with Herda.

Numerical prospects.
e Complex 3-D geometries.
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