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Introduction
 Linear kinetic equations

𝜕𝑡𝑓 + 𝑣 ⋅ ∇𝑥𝑓 = L𝑓

 Heavy tailed local equilibrium

 𝐹 𝑣 ≃ 𝑣 −(𝑑+𝛾) with 𝛾 > 0

 Friction force 

 𝐸 𝑣 ≃ 𝑣 𝛽𝑣 with 𝛽 < 𝛾



Collision operators
 Fokker-Planck operator

L1𝑓 = ∇𝑣 ⋅ 𝐹 ∇𝑣 𝑓𝐹−1 = Δ𝑣𝑓 + ∇𝑣 ⋅ (𝐸𝑓)

 With 𝛽 = −2

 Scattering collision operator (or Linear Boltzmann)

L2𝑓 = න
ℝ𝑑
b 𝑣, 𝑣′ 𝑓′𝐹 − 𝑓𝐹′ d𝑣′ = 𝐾 𝑓 − 𝐶 𝑣 𝛽𝑓

 Fractional Fokker-Planck operator

L3𝑓 = Δ𝑣
𝒂/2

𝑓 + ∇𝑣 ⋅ (𝐸𝑓)
 With 𝛾 = 𝒂 + 𝛽



Fractional diffusive limit
 Rescaling

휀𝛼 𝜕𝑡𝑓 + 휀 𝑣 ⋅ ∇𝑥𝑓 = L𝑓

 with  𝛼 =
𝛾−𝛽

1−𝛽
if 𝛾 + 𝛽 < 2 and 𝛼 = 2 if 𝛾 + 𝛽 > 2

 Macroscopic limit
𝜕𝑡𝜌 = 𝜅 Δ𝛼/2𝜌

 L = L1 Degond et al. ′00 (𝛼 = 2), Mellet et al. ′11

 L = L2 Lebeau, Puel ′17 (𝑑 = 1), Fournier, Tardif ′18

 L = L3 Aceves-Sanchez, Cesbron ′18 (𝛽 = 0)



Fractional diffusive limit
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Macroscopic asymptotic behavior
 Fractional Nash’s inequality

𝜌 𝐿2 d𝑥 ≤ 𝐶 𝜌
𝐿1 d𝑥

𝛼
𝑑+𝛼 ∇𝛼/2𝜌

𝐿2(d𝑥)

𝑑
𝑑+𝛼

 Power law decay

𝜌𝑡 𝐿2(d𝑥)
2 ≲ 𝜌0 𝐿1∩𝐿2(d𝑥)

2 𝑡 − 𝑑/𝛼



Microscopic asymptotic behavior
 If 𝛽 > −𝛾,  weighted Poincaré inequality

 
ℝ𝑑

ℎ 2 𝑣 𝛽 𝐹 ≤ 
ℝ𝑑

∇ℎ 2𝐹 if 
ℝ𝑑
ℎ𝐹 = 0

 Decay to local equilibrium
 If 𝛽 ≥ 0

𝑓𝑡 − 𝐹 𝐿2(d𝜇)
2 ≲ 𝑒−𝜆𝑡 𝑓0 − 𝐹 𝐿2 d𝜇

2

 If 𝛽 ∈ (−𝛾, 0)

𝑓𝑡 − 𝐹 𝐿2(d𝜇)
2 ≲ 𝑡

−
𝑘

𝛽 𝑓0 − 𝐹
𝐿2 𝑣 𝑘d𝜇
2

 With 𝑘 ∈ 0, 𝛾 and d𝜇 = 𝐹−1d𝑣



Hypocoercivity

 Main Results

 If 𝛽 ∈ (0, 𝛾)

𝑓𝑡 𝐿2 d𝑥d𝜇
2 ≲ 𝑓0 𝐿1 d𝑥d𝑣 ∩ 𝐿2 d𝑥d𝜇

2 𝑡 −
𝑑
𝛼

 If 𝛽 ∈ (−𝛾, 0)

𝑓𝑡 𝐿2 d𝑥d𝜇
2 ≲ 𝑓0 𝐿1 d𝑥d𝑣 ∩ 𝐿2 𝑣 𝑘d𝑥d𝜇

2 𝑡
−min

𝑑
𝛼,

𝑘
𝛽



Main results

𝒂 = 2−

𝒂 = 0+

𝛾

𝛽

𝒂 = 2

𝑡−
𝑑
2

0 2

2

−2

4

𝑡−
𝑑
𝛼𝑡

−
𝑘
𝛽



Strategy
 Mode by mode estimates

 Fourier transform in the 𝑥 variable መ𝑓 = መ𝑓 𝑣, 𝜉

 𝜕𝑡 መ𝑓 + T መ𝑓 = L መ𝑓 with T = 𝑖 𝑣 ⋅ 𝜉
 Entropy for each fixed mode 𝜉 for 𝛿 ∈ (0,1)

H𝜉 𝑓 ≔ መ𝑓
𝐿2 d𝜇

2
+ 𝛿 A𝜉 መ𝑓, መ𝑓 𝐿2 d𝜇

 Global entropy

H 𝑓 ≔ න
ℝ𝑑
H𝜉 𝑓 d𝜉

 Classical case (Dolbeault et al. ′15, Bouin et al. ′17)

A = 1 + TΠ 2 −1 TΠ ∗

 With Π𝑓 = 𝐹 𝑣 ℝ𝑑 𝑓 d𝑣



Entropy with fractional scaling
 New operator A

A𝜉 ≔ 𝜓 TΠ ∗ 𝜑𝛽
 With

𝜑𝑏 𝜉, 𝑣 ≔
𝑣 −𝑏

1 + 𝑣 2 1−𝑏 𝜉 2

𝜓 𝜉, 𝑣 ≔ 𝜑0/ 𝜑0 𝐿2 d𝑣

 Mix between the classical entropy where

 A𝜉 = TΠ ∗ 𝜑0
 And the symbol appearing in Mellet et al. ′11 for the proof of the 

fractional diffusion limit

 𝑎 𝜉 =
𝑣 𝛽

𝑣 𝛽 − 𝑖 𝑣⋅𝜉
=

𝑣 −𝛽(1+𝑖 𝑣⋅𝜉 𝑣 −𝛽)

1+ 𝑣 −𝛽 𝑣⋅𝜉 2



Steps of the proof
 Prove propagation of weighted Lebesgue norms: 𝑒𝑡L bounded in 𝐿2 𝑣 𝑘d𝜇

 𝐹−1𝑒𝑡L
𝐿1 𝐹 𝑣 𝑘d𝑣 →𝐿1(𝐹 𝑣 𝑘d𝑣)

≤ 1

 𝐹−1𝑒𝑡L
𝐿∞ d𝑣 →𝐿∞(d𝑣)

≤ 1

 Estimate the derivative of the entropy   (g ≔ (1 − Π) መ𝑓)
dH𝜉

d𝑡
= − −L መ𝑓, መ𝑓 − 𝜹 𝐴𝜉TΠ መ𝑓, Π መ𝑓 − 𝜹 𝐴𝜉TΠ መ𝑓, 1 − Π መ𝑓

+𝜹 𝐴𝜉 1 − Π መ𝑓, L − T 1 − Π መ𝑓 + 𝜹 𝐴𝜉 L − T 1 − Π መ𝑓, መ𝑓

 Weighted Poincaré inequality + bounded micro-macro terms!
dH𝜉

d𝑡
≲ −𝛿 1 − Π መ𝑓

𝐿2 𝑣 𝛽d𝜇

2
−

𝜉 𝛼

𝜉 𝛼 Π መ𝑓
𝐿2 d𝜇

2

 Nash’s inequality and interpolation of weighted spaces

H′(t) ≲ −𝛿 𝐻(𝑡)1+
1
𝜏



Thank you for your attention !


