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Two-species Vlasov-Maxwell-Boltzmann system

OF T +v-ViFT + & (E4+vxB)-V,Ft = Q(Ft,F") + Q(Ft, F)
(Vlasov-Boltzmann equation for cations)

F~ +v-VyF = L(E+vxB) - V,F-=Q(F,F )+ Q(F,F"),
(Vlasov-Boltzmann equation for anions)

10800t E =V X B = —po [1o(q"FT —q F )vdv, (Ampere)
0B+ Vyx E=0, (Faraday)
divxE = ;—O fs(@"Fr =g F)dv, (Gauss)
divy,B =0. (Gauss)

@ Evolution of a gas of two species of oppositely charged
particles (cations of charge g™ > 0 and mass m™ > 0, and
anions of charge —q~ < 0 and mass m~ > 0), subject to
auto-induced electromagnetic forces.

@ F=(t,x,v) > 0: particle number density, distribution of the
positively (negatively) charged ions, i.e. cations (anions).



Two-species Vlasov-Maxwell-Boltzmann system

@ The evolution of the densities F* are governed by the
Vlasov-Boltzmann equation. It tells that variation of the
densities F* along the trajectories of the particles are subject
to the influence of a Lorentz force and inter-particel collisions
in the gas.

@ The Lorentz force acting on the gas is auto-induced. That is,
the electric field E(t, x) and the magnetic field B(t, x) are
generated by the motion of the particles in the plasma itself.

@ Their motion is governed by the Maxwell’s equation, which are
the remaining equations, namely Ampére equation, Faraday’s
equation and Gauss’ laws.

@ The physical constants g, g9 > 0 are the vacuum permeability
(or magnetic constant) and the vacuum permittivity (or electric
constant). Note that their relation to the speed of light is the

_ 1
formula ¢ = Tk



Boltzmann collision kernel
Q(f,h):f f(f’h;—fh*)b(v—v*,a))dwdv*,
]R3 SZ

where w € S§% and
b(v - V., w) = |v — v,["b(cos 6)

for y € [0, 1]. For convenience, we take b(cos ) such that
sz (cos#)dw = 1. Here we have used the standard abbreviations

f="~f(v), f =1£), h.=h(v.), h, = h(v])
with (v, v/) given by
Vi=v+[(v-v) - vw,
v, =Vi = [(V - Vi) - w]w,

which denotes velocities after a collision of particles having
velocities v, v, before the collision.



Global-in-time well-posedness of VMB

@ Renormalized solutions.
o DiPerna-Lions (cutoff kernels, Boltzmann,
Vlasov-Poisson-Boltzmann, late 80’s);
e Alexandre-Villani (non-cutoff Boltzmann, 2000);
e Arsenio-Saint-Raymond (VMB, 2016): very difficult, hyperbolic
feature.
e Advantage: "large” initial data, only require some physical
bounds (momentum, energy, entropy...)
e Drawbacks: renormalization, uniqueness not known,
conservation laws with defect measures...
@ Classical solutions near equilibriums (Maxwellian).
o Ukai (cutoff kernels, 70’s)
e Guo (cutoff kernels, 2003);
e Gressman-Strain, Alexandre-Morimoto-Ukai-Xu-Yang
(non-cutoff kernels, 2010);
e Many other people made several generalizations.
e Advantage: smooth solutions.
e Drawbacks: near global Maxwellian, not a "large” solution.



Dissipation Properties

Boltzmann’s H-Theorem (1872): the dissipation of the entropy and
equilibrium.

(log(f) 1 Iog L (£ = ff)bdwdv;dv
fif

<0 for“every” f:f(v).

Moreover, for “every” f = f(v) the following are equivalent:
@ (log(f)B(f,f)y =0,
e B(f,f)=0,
@ fis a Maxwellian, which have the form

p IV—UIZ)
f=M(v;p,u,0) = exp|— ,
(vip,u,6) )2 p( 50

where (p, u,8) can be recovered from the Maxwellian by
p=_(N, pu=(vh), po=Fv-uPf).



Nondimensionalization

@ Length scale 1,:
f dx = /15 .
Q

@ Density and velocity scales po, 9;/2:

f f FPdvdx = pod?, f f SIVEFMdvdx = Zpo,15 .
Q Q

@ Nondimensional velocity, space, and time:

~ " Ao =
V=0V, X=AX, t= t.
° ° Vo,
@ The equilibrium associated with the initial data F™:
Po |V|2
M, = ,0,00) = ————exp|-——| .
(o] M(pO 0 O) (27T90)D/2 Xp( 200)



Knudsen Number, Rescaled Boltzmann Equation

@ the collision operator determines a time scale 7, by

ff Mo1Mob(w, vi — v)dwdvidv = @.

To

This time is on the order of the time interval that molecules in
the equilibrium density M, spend traveling freely between
collisions, the so-called mean free time.

@ The length scale of the mean free path = 7, X V0,.
@ Nondimensional kinetic density:

F(t,x,v) = =5




Knudsen Number, Rescaled Boltzmann Equation

@ After the nondimensionalization, the rescaled Boltzmann

equation:
1 .
OF +v-%F = -8B(F,F), F(t.x,v)=F"(x,v),
E
@ Knudsen number:
0(13/ %o mean-free-path
E = = .
Ao macroscopic length scale

@ Fluid Dynamics Regimes: ¢ very small.

@ The nondimensional equilibrium associated to this problem is
the so-called global Maxwellian

2

M= M(1,0,1) = (%‘Wexp(—%).



Fluid Dynamics

We consider fluid dynamical regimes in which F is close to the
global Maxwellian M = M(v).

@ Fluctuations:
Fe(t,x,v) = M[1 4 6.0.(t,x, V)] ,
@ 6, — 0 as € — 0. Physically, 6. is the Mach number.

@ Fluctuations equation:

1 5
0ge + V- %G + — L0y = Q(9:» g:) -

&
&

@ The linearized collision operator L:

5= ff G+ G —§ - 8)b(w,vi — v) doM; dv; .




Fluid dynamics

@ Properties of £:

e Nonnegative, Self-adjoint.
o Null(£) = span{1,vq,---,V,, [V}

@ The fluctuations g, satisfy

£(010: + v+ %0s) + L9 = 05 Q(9e- ) -

@ Formally lete — 0, g. — g, then Lg = 0.

@ ghastheform: g =p+ v-qu(%lvl2 - g)e.

@ This form is call an infinitesimal Maxwellian. It comes from
14 6p lv — ul?

(2n(1 + 06))P/2 (2(1 + 69))

=M(1+06g+ 0(5%)).

M(1 + 6p,6u, 1 + 66) =



From Boltzmann to incompressible Navier-Stokes

@ Scaled Boltzmann equation:

1
E
@ F. = M(1+e&g.) and F" = M(1 4 eg™);

@ g. — —0(t,x)+ v-u(t,x)+ o(t, x)(% - %), and (u, 0) satisfy
incompressible Navier-Stokes-Fourier system:

g0tFs + v -%F, = —=B(F.,F:), Fs(t.x,v) = F(x,v),

AU+ u-Veu + Vp= ubdyu,  u(x,0) = u°(x)
Ve-u=0,
016 + u-Vb= kA0, 6(x,0) = 6°(x),

with initial data u(0, x) = (vg™) and 6(0, x) = ((% - 1)g"M,
and ¢ and « also could be determined.

@ Rigorously justify this limit in the context of DiPerna-Lions
solutions and classical solutions.



Hydrodynamic limits of Boltzmann equations

@ Renormalized solutions

Bardos-Golse-Levermore (Navier-Stokes limit, 1994)
Golse-Levermore (Stokes & acoustic limit, 2002)
Saint-Raymond (Euler limit, 2003)

Golse-Saint-Raymond (Navier-Stokes limit, 2004, 2009)
Masmoudi-Saint-Raymond, J-Masmoudi (Navier-Stokes limit in
bounded domain, 2003, 2015)

@ Classical solutions

Caflisch (Compressible Euler limit, 1980)

Bardos-Ukai (Navier-Stokes limit, 1991, semigroup method)
Guo (Navier-Stokes limit, 2006, nonlinear energy method)
J-Xu-Zhao (Navier-Stokes limit, 2014)

Briant, Briant-Merino-Mouhot (Navier-Stokes limit, 2015, 2018)
Gallagher-Tristani (Navier-Stokes limit limit, 2019)

@ Question: How about hydrodynamic limits of VPB and VMB ?
(VPB is similar to Boltzmann, but VMB is quite different and
much harder! mainly because of its hyperbolic feature)



From Kinetic to fluid, and from fluid to kinetic

There are two types of results:

@ Type |: From solutions of the kinetic equations, prove the
compactness of the solution, then take limit in the
conservation laws of the original kinetic equation, to obtain
solutions of the fluid equations.

@ Type II: From solutions of the fluid equations, construct
solutions of the original kinetic equations with special form
(usually in the expansion, for the Knudsen number ¢ very
small.)

@ Usually, type | results are harder to be obtained.

@ Mouhot-Mischler in their “Kac’s program in kinetic theory”:
This provides a first answer to the question raised by Kac.
However, our answer is an “inverse” answer in the sense that
our methodology is “top-down” from the limit equation to the
many-particle system rather than “bottom-up” as was
expected by Kac.



Hydrodynamic limits of VMB

@ Jang-Masmoudi (2012): Formal analysis, both compressible
and incompressible models, Navier-Stokes-Maxwell, Euler
Maxwell, etc.

@ Jang (2008): classical solutions, diffusive limit, but no
magnetic effect.

@ Arsenio-Saint-Raymond (2016): renormalized solutions,
two-fluid incompressible Navier-Stokes-Fourier-Maxwell
system with Ohm’s law. (huge book)

@ J-Luo-Zhang (2018): classical solutions, same limit as
Arsenio-Saint-Raymond’s: using Hilbert expansion approach.

@ J-Luo (2019): classical solutions, same limit as
Arsenio-Saint-Raymond’s.



Incompressible NSFM with Ohm’s law

AU+ u-Vyu—pAgu+ Vyp = InE+ 1jx B,
divyu =0,

SE - VyxB =,
B+VyxE=0,
j=nu+o(-3Vxn+E+uxB),
div,E = n, divy,B =0,

Global in time Leray type weak solutions are open, even in 2D.

@ Masmoudi (2010): 2D case, global strong solutions for the
initial data L2(R?) x (H®(R?))? with s > 0.

@ Ibrahim-Keraani (2011): B;’/12(R3) x (H'/2(R®))? for 3D, and
B, (R?) x (L2, (R?))? for 2D.

@ Germain, Ibrahim and Masmoudi (2014).

@ Arsenio-lbrahim-Masmoudi: derivation of MHD from NSM.

@ Arsenio-Gallagher (2018) : Weak solutions with finite energy,

small electromagnetic field in HS for s € [1/2,3/2).



Incompressible scaled two-species VMB

80{FE+v-VyFi £ (eE; + vxB,)-V,F =1
Fo=M(1 +eg;),
OE—Vx x B: = =1 [[4(g4 — g7 )vMdv,
0tB; + Vx X E; =0,
divE, = [5(95 - 97 )Mdv,
divB, =0,

Q(F: FE) + ; Q(FE, ).

e Formally, gF — p*(t,x) + u(t,x) - v + 6(t, x)(ﬂ -3

@ p=1(p" +p7)=-6and n=p* - p~. Then the functions
(u,0,n, E, B) obey the two-fluid incompressible
Navier-Stokes-Fourier-Maxwell system with Ohm’s law.

@ Rigorously justify this limit.



Hilbert expansion-1

@ Caflisch (1980, compressible Euler limit of Boltzmann
equation before shock)

@ Take the ansatz:

Ff= M{1 + &[gE + &q7 + %05 + SQE’S]} ,
Eo(t, x) + €E1(t,x) + €ER(t. X) .,
Bo(t, x) + £B1(t, x) + €Brs(t. X) .

E.
B:

o the leading term g is given by

05 (t,x,v) = pE(t,X) + o(t, X) - v + 6o(1, X)L - 8), (0.2)

and the functions g (t, x, v) (i = 1, 2) are of the form given
later. We denote po = 3(og + py) = —60 and ng = p - py.
Then the functions (uo, 6o, No, Eo, By) obey incompressible
NSFM system with Ohm’s law.



Hilbert expansion-1

e the functions E+(t, x), By(t, x) and n;(t, x) appeared on the
definitions of gi (t, x, v), satisfies the linear Maxwell-type
system, namely

HEy —Vyx By =i,

atB1 —I—VXXE1 =0,

leXE1 = n1 , lexB1 =0,

j1 = f71(U0 M-+ 6oV) + s

+O’(——Vxn1 + E1 + Ug X B1 +u1 X By) + X, I' Ur-.




Hilbert expansion-1

@ the remainder terms (g5, .. ER.. Br,.) subject to the system

€0tGRre+ V- -VxGre + T (VX By) - VyGRre + T (VX Br) - V,Go
—Eps V71 + 1LGr, = eHp,,
HEps—Vx X Bps = —3 (GRe - T1V) ,
0tBre+ Vx X ERe =0,
divkEre = (GR. - T1) , divyBre =0,




Some notations

e forany G = (g*.g7)",

+ + g
LG:(LQ +L(g ,g)),

Lg +L(9".97)

where £g = — [Q (Mg, M) + Q(M, Mg)] and
L(g.h) = -|Q(Mg. M) + Q(M, Mh)].
@ the projection operator P from L2 to ker(L) as

1 0 v W2 _ 3
=p" - ) 2

where p* = (g%), U—< vIie >and9—<(¥—1)—g+§g_>.



Instant energy

@ energy functional

EN,I(G, E, B) = HE”IZ-IQ’H + ”B”IZ-I)I(V“ + Z HamG”i?v
[m|<N+1
+ ), IwWogrtGIZ, + ), IWoFEtGIE,

Imi+BI<N T ImHBIENA
B#0

+ Eo.nys(t) + Ernya(t),
SO,S(t) = ||UO||2§ + ||90||2)S( + g||Eo||2§ + %”nouzf + (2_5 4 (50')”80”2)5(
+ (1= 6)10¢BolZs + 11VxBollZs + 61l0tBo + Bollzs,
E1m(t) = By + Il + (1 =6+ 60)IBy 2y + [IVxBalZy



Dissipation rate

Dn,(G. E, B)
= BN -1 + IVxBI s + 19tBll-+ + Dones(t) + Dinsa(t)

+ D, 10TRGIE, +5 D, IWFRGIE,

[m|<N4-1 ’ |m|+BI<N-+1
B#0
D IOTEGIE, Y IWOFEIGIE, ).
[m|I<N+-1 [m|+-BI<N

Dos(t) = HlIVxtiollZs + 51601 +orllEolZs + 3crlinols + SorllVxnol?s
+(0 = 8)19:Bol%s + 61IVxBoll%e

1 1 m m m 2
+30 ) 1= $9x0"no + 8" Eq + (8" wo) x Bol?,

m<s

Dim(t) = SIEIPy + S|Py + 2o lIVihi Iy + LIV By |2
1.m(t) = ZIE I + oMl + zolIVxMllim + 21IVxBall

+ 10 B2y + FIV 12
D



Classical solution for NSFM (J-Luo, 2017)

(ul, 60, ED, BIT) € H x HE x Hyt' x Hy ™', If there is Ao(s)

depending only on s, 1, k, and o, s.t. &g < A0(8). Then the NSFM

admits a unique global-in-time solution (ug', 63", E{", BY") satisfying
Uo, 6o € L*(RT, H3) n L3(RT, HSTT) (0.3)
Eo € L (RY, HE), no(= divyEp) € L (R, HS) N L3(RT, HSHT)
Bo € L*(R*,HSTY), 8;Bo(= —Vx X By) € L(RT, HS).

Moreover, for any t > 0, there holds the following energy inequality

d

ago,s(t) + Do,s(t) < 0, (0-4)

and consequently, there exists some constant C = C(u,«, o) > 0,
such that

SUgJ(||Uo||2Hs+||90||,24s + lEol s + lInollZs + 11BolZs + 10¢BollZs) (0.5)
tZ X X X X X X

+f (lIVxtollZs + KlIVxBolZe + rlIVxrollZ, )dt < CEF.
0 X x M
D



Main Theorem (J-Luo-Zhang, 2018)

Let N>4and/>2y+ 1. Given Ué)n’ 9{)n’ Eé”, Bg,, ET, §I1n, E”.:?’g’
BR, and G , let the initial data of VMB “well-prepared”. If there
are two small constants &g, 0 > 0, depending only on u, o, «, | and
N,st g€ (0,30) and

= in in in
EN,I(GR,gv ER’{;, BR,S) S nO ’

then VMB admits a global-in-time classical solution (F7, E., B;)
belonging to L= (R+; HY I x HY T x HYT) with special form, in
which (uo, 8o, no, Eo, Bp) € is a unique solution the
Navier-Stokes-Fqurier-MaxweII system with Ohm’s law (0.1) with
initial data (ug', 6, divxE(", EJ", By').
Moreover,

SUPEn(GRe» ERe» Bre)(t) < Eni(GR o ER o BR)(0)

t>0

< CEn,(GR . Ef..BE.).

holds for some constant C > 0, depending only on y, o, «, | and N.



Energy estimate for Maxwell-type system

Let the initial data (EI", BI") € H¥*' n Y with M > 1. Assume
that there exists some small constant 11 = A1(M, u, k, o) € (0, o],

such that &,,. ; < 41. Then smooth solution (p+, Ty, 61, Ey, By) to

the linear Méxwell—type equation obey the following bounds
1T s () < C(1 + Eo a1 (1)) Do (0),
1511201 (1) = 161120 (1) < C Eomass () (1 + Eomass (1)) Do (£
and  S[&1m(t) + CuSoums2(t)] + [D1m(t) + Domra()] <0,

with the constants C = C(u, x,0) > 0 and
Cm = Cu(M, u,k,0) > 1. Moreover, for any t > 0, the following
energy bounds holds:

B2 (1) + iV ExlF (1) + 1V X Bl (1) + 1B 11 (1)

< C(SO’MJFQ(t) + 81,M(t)).



Uniform spacial estimate for remainder system

€0iGr+Vv-VxGr+ T (vxBy)-V,Gr+ T (vxBg) - V,Gy
—Er - V71 + 1LGg = eHg,
dEp ~Vx X Br = =1 (Gr - T1V)
0:Bg + Vx xER =0,
divyEgr = (Gr - 77) , divyBg = 0.

1) We first estimate the hydrodynamic part PGg of Gg,

1 0 v M _
PGRZpE(O)+p§(1)+uR~(v)+0R 2
2

|

Our goal is to estimate p5(t, x), ug(t, x) and 6g(t, x) in terms of
P+Gg. 2) We then estimate the electric field Eg and the magnetic
field Bg by finding some decay effects of Eg and Bg, which will
play an essential role in establishing the global energy estimates.

NI NIW



Uniform spacial estimate for remainder system

There is a constant Cy > 0 such that
gl s+ 10RIZ w1 + g1 + I0RIE N + I1divx BRIy

— Ci

< CregAn(t) + 5 D, 107FGalf,
ImI<N+1 ’

+Cie® ) IPwd"HalF, + CrEgy.olIBaly

|m|<N

o[ [anoxf +( [omf ([ oiocf +( [ srsf]

(0.6)

for ¢ sufficiently small.




Uniform spacial estimate for remainder system

We remark that the last three terms of last estimate require to be
estimated.

@ Theterm Ci&? 3 IIPBG’”HHHZ2 will be controlled in
Im|<N
estimating the mixed der|vat|ves.
@ The term Cq4 8’”N+2||BH|| N can be dominated by finding

enough decay structures of the Maxwell equations on Eg, Br
in the remainder system.

@ By analyzing the conservation laws of mass, momentum and
energy of the remainder system , one can give an estimation
on the last term including the integral forms.




Decay of Br

Now we estimate the term C4 ngNJrzllBRlliN. The key point s to find

enough dissipation on Bg by making use of the Maxwell equations,
0Er — Vx x Br = -1(Ggr - T1v) = -1(P*Ggr - T1V),
0tBr + VyxER =0, (0.7)
divkEg = pf; — pg. divyBr = 0.

We can get 84Bgr — AxBr = 1V X (P*Gg - 77v), whose dissipation

is not enough. We try to derive the Ohm’s law from the microscopic
equation of Gg, which will supply a decay term 9;Bg.

04Br — AyBpr + 00:Br = Yy x K(P*GR)., (0.8)




From VMB to NSM

Let FZ(t,x,v) = M(v) + e /M(v)GZ(t, x, v).This leads to the

perturbed two-species Vlasov-Maxwell-Boltzmann system

0tGes + 1|v-V4G. + q(E. + vXBy) - V,|Ge + %LG, — 1(E.-v) VMa
= 1q(E. - V)G, + 1M (G.. G.),

OiE: —Vxx By = -1 [, G.-qyvVMdv,

0B: + Vy x E. =0,

diviE; = [ Go -0y VMdv, divyBs =0,

(0.9)
To state our main theorems, we introduce the following energy
functional and dissipation rate functional respectively

Es(G, E, B) =lIGI%s , + IEIs + IBIZ: .
Ds(G. E.B) =%IIP*Gllfe () + IVxPGllsr 2 + IEIZe1 + IVxBI

— =2 s—2 *
& v X x Hy



From VMB to NSM: uniform estimate (J-Luo 2019)

Theorem

For the integer s > 3 and 0 < ¢ < 1, there are constants ¢y > 0,
Co > 0 and ¢y > 0, independent of e, such that if
Es(G", EI", BI") < ¢y, then the Cauchy problem (0.9) admits a
global solution
Ge(t,x,v) € LP(RT; HE ), PAGy(t, x, v) € LE(RT; HE ,(v)),
E.(t,x), Bs(t,X) € L°(RT; H5)

with the global uniform energy estimate

sUpEs(Ge, Es, B.)(t) + o f Ds(Ga, Es, B,)(1)dt
t>0 0

< c1Es(GM EM, BIM) .

£’ ¢

(0.10)




From VMB to NSM: convergence

Theorem 2 (J-Luo 2019): Let0<e <1, s >3 and to>0 be as in
Theorem 1. Assume that the initial data (G, E", B)") satisfy
Q@ GIeH,, EM BIMe HE;
Q E (G EI", BI") < {;
O there exist scalar functions p™(x), 6"(x), n"(x) € H and
vector-valued functions u"(x), E™(x), B"(x) € H; such that

GI" — G strongly in HS

: X,V
EnN — E™ strongly in HS, (0.11)
Bi" — BM strongly in HS
as & — 0, where G"(x, v) is of the form
Gin(X, V) :(pin + %nin)m;% W+ (pin _ %nin)qim W
+ U™ vge VM + 07— 3)q, VM.



From VMB to NSM: convergence (J-Luo 2019)

Let (G, E., B:) be the family of solutions to VMB constructed in
Theorem 1. Then, as ¢ — 0,

Ge/ VM = (p + 1) 25% + (o - I %52 + u-vap + (1 - 3)
weakly-x in t > 0, strongly in HS,! and weakly in HS ,, and
E.—-E and B,— B
strongly in C(RT; HS~"), weakly-* in t > 0 and weakly in HS. Here
(u,6,n,E,B) e C(RT; HS) n L¥(RT; HY)

is the solution to the incompressible NSM with Ohm’s law, with
initial data

Uli—o = PU", Oli—o = 26" - 2p"", Eli—o = E", Bli—o = B",
Moreover, the convergence of the moments holds: as € — 0
P(Ge. 302V VM) 2 — U, (Ge, 3a2(1 — 1) VM) 2 — 0,
strongly in C(RT; H3~"), weakly-* in t > 0 and weakly in HS.



Conclusions and possible future works

Two-fluid incompressible Navier-Stokes-Maxwell system can
be justified from VMB.

@ Extensions to more general kernels.

@ Incompressible Euler-Maxwell system (already some very

technical works on compressible E-M)

@ Compressible Euler-Maxwell system.
@ Compressible Navier-Stokes-Maxwell system (note: it is NOT

similar to compressible Navier-Stokes!)

Domains with boundary (very hard problem...)




