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Linear kinetic equation

Fort >0, x € T and v € R,

f(07$7 U) :fO(Ir ’U) > 0.

Mass preserving collision operators :

QFP(f)(v) = av (auf + vf) )

or
Qpak(f)(v) = pM(v) — mof(v),

where M is the Maxwellian, and p the local mass of f, namely

p= /Rf(v) dv.
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Introduction

Hypocoercivity

Exponential return to equilibrium : there exists an appropriate functional space
X and constants k > 0, C' > 1 such that

1 () = mpMllx < CIF(0) — my M| =",
where my = [ [ fdzdw.

A very brief history :
@ Hérau (2006)
@ Villani (2009)
@ Dolbeault, Mouhot, Schmeiser (2015)
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- lnducton
Diffusive limit

Parabolic scaling : t — t/e2, x — z/e

or + vaf

-E ot Ox

1 €
= ).
Moments equations :
0p° + 0, J° =0,
20, J° + mdyp° 4 0,8 = —J°,

where

1
p° :Z/fsdv, Je :Z_/fevdv, 5° ::/(”2—m2)f€dv-
R g Jr R

Diffusive limit ¢ — 0 : f¢ — f:= pM, S — 0 and J& — —my0,p, with p
solution of
dp

5~ 0z (madzp) = 0.

@ Degond, Goudon, Poupaud (2000) : linear kinetic equations.
@ Mellet, Mischler, Mouhot (2011) : fractional diffusion limits.
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Asymptotic Preserving schemes

AP schemes for kinetic equations :
@ Klar (1998) : linear BGK equation for semiconductors,
@ lJin, Pareschi, Toscani (2000) : relaxation models,
@ Jin (2010), Dimarco, Pareschi (2014) : review papers,

Proofs of AP properties :
@ Lemou, Mieussens (2008) : micro-macro approach,
@ Liu, Mieussens (2010) : detailed stability analysis,
@ Crouseilles, Hivert, Lemou (2016) : anomalous diffusion, time discretization,
@ Dujardin, Hérau, Lafitte (2018) : hypocoercivity for full discrete FP equation,
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)
Aims

Develop numerical schemes for linear kinetic equations which

@ mimic continuous behaviour (energy estimates, entropy—entropy dissipation
inequalities, hypocoercivity),

@ are stable for all € and have the correct diffusion limit.

(CNRS-LMJL) M. Bessemoulin-Chatard 6/33



Introduction

© Introduction

© Numerical schemes
© A priori estimates
@ Diffusive limit

© Hypocoercivity

© Numerical experiments

(CNRS-LM M. Bessemoulin-Chatard




Num: schemes

© Numerical schemes

(CNRS-LMJ

Bessemoulin-Chatard




Mesh

@ Discretization of the bounded velocity domain [—uv,, v,] into 2L cells :

Vi=(v_1,941), j€J={-L+1,...,L}.

AUl
¢=-=- >

T e Q—Q—Q—Q—Q—Q—Q ---------- ._‘1*
V_r41/2 V-L+1 U-1 U_1/2 Yo V1/2 V1 U3z V2 UL Vr41/2

T it > _

=v_p Avy /s = VUL+1

. * — 3 o —

Dual mesh : Vii= (vj,vj41), jeJT*={-L,...,L}.

@ Discretization of the spatial domain T into N subintervals :
XiZ(l'Z;%ﬁCiJr%), iEIZZ/NZ.

o Time step At >0, t"™ = nAt for all n > 0.
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Discrete Maxwellians

BGK case. We define cell values M* = (M;);e 7 such that
./\/lj>07 Mj:./\/l_j_H, Vi=1,...,L,
ZM]' Avj = y

jeg
0<mp <mp’ <z, mp’ < .

Fokker Planck case. We define interface values (M jes- € R7 such that

j+1/2)
Mg = MEiin, Vi€edr,
Mz+1/2 = MiL-‘,—l/Q =0,

Miry2 = Miip

M; = v A >0, VieJ;
S MAy =1,
JjeT

0<my <mp’ <mg, mp’ < my.
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Fully discrete Fokker-Planck equation

ForallieZ, jeJ, n>0,

cdatu(iy -+ ae(F, -7 ) = T (anty -9ty |

i+3.,j i—3,j i5+% ii—3

where the free transport fluxes .7-"+ j and the Fokker-Planck fluxes g, g+l are:

1 1
Fh z/])vf(t"+,xi+;,v)dv,

H—zd )
J

g’?]t; ~ /X (&,f—l—vﬂ_%f) (t"+1,x,vj+%)dx.
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Fully discrete Fokker-Planck equation

ForallicZ, jeJ,n>0,

EAmiAvj(f"+1 ”) + At (].‘Z.T_L:-l ]:n+1 ) At <gn+1 gn+1 ) ’ J

i—3.j 5 Gits =5

where the free transport fluxes .7-'Jr g and the Fokker-Planck fluxes G, i are:

+1 +1
fnJrl _ ‘f;}f‘l 5] +fn

i+1. 2 Av;, VjeJ, Viel,

grj;_lzw‘/&(vf'i‘ +1f)( $7Uj+%)d$.
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Fully discrete Fokker-Planck equation
Forallie€eZ,jeJ, n>0,

candu(fy - i)+ At (7, - 7, = 3 (n g"“)’J

1= 5] 5 i,j+5 L,j— 3

where the free transport fluxes ;1 ; and the Fokker-Planck fluxes G; ;1 are :

+1 +1
fn+1 _ f;}f‘lj fn

i+ 5 Av;, VjeJ, Viel,

. N
g,;_—i-lz N/X.May (ﬂ) (t +1’$,Uj+%)dx_
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Fully discrete Fokker-Planck equation

Forallie€eZ,jeJ, n>0,

1—3,] 5 bty L,j—5

eAn Ay (g — )+ Ar (g - P ) = B (g, —gre), J

where the free transport fluxes F;, 1 ; and the Fokker-Planck fluxes G; ;. 1 are :

n+1 n+1
]:n+1 _ fH‘laJ f

i+1. 5 Av;, VjieJ, Viel,

fnill f"+1 1
o i\ Az, VjeJ'\{-LL}, VieT.
g it M]+2 (M]+1 M ) Avﬂ_% zi, VjeJ \{ , }7 Vi €
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Fully discrete Fokker-Planck equation
ForallieZ jeJ,n>0,

eAz A (fiH — ”)+At(f"+1 f"“) At (g"“ g”“),J

i+2.5 1_§ J = ,]+2 7.7_5

where the free transport fluxes ;1 ; and the Fokker-Planck fluxes G, ;, 1 are :

fn+1 fn+1

Fiili= o Z“’JTA% VieJ, Viel,

n+1 * ftlj—:-ll f"H‘l 1 . * 3
g, = M N Az;, Vje T\{-L,L}, VieT,
1

21
it 3\ Mjp M

1 .
Gty =Gl =0, Viel.
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Fully discrete BGK equation

ForallicZ, jcJ,n>0,

5A:z:iAv](f”+1 )+ At <]:in+1 _ Fotl ) _ A—A@Avj ( n+l AL f”“) ’J

i—3,5
where
fn+1 fn+1
i+1,7 . .
]-'Z:';J = %Avj, vVieJ, Viel,
and

pitt = ) Aufptt Viel
jeT
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A priori estimates

© A priori estimates




Discrete “entropy” estimate

Let (f}})iez,je7,nen solve the scheme either in Fokker Planck or BGK case.
Then for all € > 0, and for every n > 0,

||fn+1H%,'y ||fn||2,'y H
2At 2

fn+1 n+1MA||2 0.

7’Y—

In particular one has

max (Sup anHQ,’yV 2 Z At ||fn - pnMAH%,'y) < ”fO”%,fy .

n=1

Consequence : existence and uniqueness of the discrete solution.
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Proof

Multiplying equation by f/M, and integrating in z and v yields

;thfHL? (dzd) //3 < )dzd ——//Q —dvdv
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Proof

Multiplying equation by f/M, and integrating in = and v yields

1d 1 f
EEH][”%?(dzdfy) +0= = // Q(f)ﬂdvdv.

BGK case : Using [ Qpar(f)dv =0,

= // Qpek(f /\/l /QBGK (- - p) =—|If - pMH2L2(dxd’y)'

Fokker Planck case : Using Gaussian Poincaré inequality,

[ arin; = —‘av (%)

2

< _Hf - pM”%Q(dzdv)'
L2(dz dM)
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Discrete moments estimates

n 1 n 2 n .
J ::ngvjvjfij’ ZAv]v—mQ “Yfi, YieI, ¥n>0.
jeJ jeg

Lemma

The moments (p?)icz, (JI")iez and (SI");ez satisfy :
o™z < [1f"ll2,y 5
el Il < (M) 2
el J™le < (MR = p" M2y,
15"l < (mg = (mg™)) 2 [If" = p" MB 2,5 -

In particular, 3C > 0 only depending on the bounds on m£?, ms? such that

sup lo™13, € supHJ”Hg,ZAtIIJ"IIz, 2 DA™ < ClihlE, -

n=0
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@ Diffusive limit
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Discrete moments equations

Lemma

Let us consider a solution to the scheme. Then the discrete moments satisfy
the following equations. For all 1 € Z, n > 0,

Ay (= p}) + At (J7H = T =0,

€2 Az (JPT — JM) + At(Sl?fél - S;Lf%l) + Atmd? (pnFl — prth

i+% i—3
= —AtAg; JPH
where o 5
i+ X1
Xy = 220 X —p T, 8.
2 2 )
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Asymptotic-preserving property

Theorem

Let f* = (f}})iez,jes for n € N be a solution of the scheme. Then there
is p™ = (p?)iez for all n > 0 such that when € — 0 one has

fr— p"M2 in R forall n>1,

and the limit p satisfies the following scheme for the heat equation

n+l _ n mQAv

Axipi At <L = 2 ((Dxﬂ)?ﬂl—(Dxﬂ)?—Jrll) , V€I,

with initial data pf = 3=, ; Au;fy.
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Proof

@ A priori estimates = up to a subsequence ¢, — 0,

pL, = p" Vn >0,
I8 = (piMj)iez, jegs Vn>1.

@ Combining moments equations implies

Az (pPT = p) = m3U At (Dop™ iv1y2 — (Dap™ ™ )iz12)

AL (DaS™ ) ir1j2 = (DeS" i) +e® (S =T =2 (T =),
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Proof

@ A priori estimates = up to a subsequence €, — 0,

pr. = p" Yn >0,
= (piMj)ier,jeg Vn > 1.

@ Combining moments equations implies

Az; (P?H —p;) = m2AU At ((DanH)iH/z - (Dmpn+1)i—1/2) .
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Proof

@ A priori estimates = up to a subsequence £, — 0,

pgk —=p" Vn >0,
I8 = (piMj)iez, jegs Vn>1.

@ Combining moments equations implies

A, (P?H -pi) = mzAv At ((Dxpn+1)i+1/2 - (Dxpn+1)i—1/2) .

@ The limit scheme has a unique solution = the whole sequence converges.
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© Hypocoercivity
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Main result

Theorem

Assume that the number of points N in the space discretization is odd.

Then there are constants C > 1 and x > 0 such that for all ¢ € (0,1), all
At < Atyax and all initial data (f)iez jes, the solution (f7)icz jes,nen
of the scheme satisfies

1" = mpMB 2y < CHFO = mpMB |y e,

where my = Z(i,j)eIxj AxiAvjfé}-

Moreover, the constants C' and x do not depend on the size of the
discretization, and Aty. > 0 can be chosen arbitrarily.
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Modified entropy

Up to changing f by f — msM, we can assume that m; = 0.

Modified entropy (Dolbeault, Mouhot, Schmeiser, 2015)

1
H(f(t)) = §||fs(t)||%2(d:cd'y) +ne® (J5,006%) 12

where ¢°(t, z) is the solution of the Poisson equation
ke = [eda=o,
T

and i > 0 is a small parameter to be chosen.
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Outline of proof

@ Entropy—dissipation estimate :

d
&H(fs) + Ky (15 = 0" Ml72(dzay) + 10" MllT2042a) <0,

d K,
- @H(fe) + 7n||fs||%2(dzd'y) <0.

@ Control of the entropy :

c C
577 1551172 (daayy < H(F) < 7” 1751172 () -

== Exponential decay of H(t), and then of ||f*(?)||z2(dzd~)-
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Adaptation to the discrete framework

Modified discrete entropy

1
H(f™) = 5lIf"3, +ne” Y Az I (Da0)}

€L

, 2
775 J¢ n ( ;x:¢)?_1)
Z Az At ’
€L
where (¢');ez is the solution of the discrete Poisson equation
 (Ded)i — (Ded)E,
2

> Azl = 0

i€l

= Auwxp}, Viel,

with
_ $it1 — i

N odd = existence and uniqueness of (¢7);cz.

= discrete Poincaré inequality on T.
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Numerical experiments

© Numerical experiments
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Data

Discretization parameters.
e v, =8, L =20 (= 40 cells in velocity),
@ N =51 cells in the torus,

o At=0.1.
Initial data.
b 0) = 1 P 1+ cos(4nx)

, Ve eT,ve [—u, v
V2r 2

0.25 0.50 0.75
x
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Diffusive limit (Fokker-Planck case)

0 02 04 06 08 1 0 02 04 06 08 1
3.01
3
e=10""
_10-3
3 X =10
+ e=10"1°
— Pheat
2.99 4
‘ ‘ —— ‘ —2.99 L ‘ ‘ ‘ ‘ ‘
0 02 04 06 08 1 0 02 04 06 08 1
T T

FIGURE — Comparison of the approximate solution of the heat equation (solid line) with
the approximate densities obtained with the kinetic scheme for different €, at times
t=0.1, 0.2, 0.3 and 10.
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Diffusive limit (BGK case)

32

3.04

3.02 e=10""1
— —3
3 X =10
+ e=10"10

2.98 Pheat
2.96

T T T T T 2.99 — T T T T T

0 02 04 06 08 1 0 02 04 06 08 1

z z

FIGURE — Comparison of the approximate solution of the heat equation (solid line) with
the approximate densities obtained with the kinetic scheme for different ¢, at times
t=0.1, 0.2, 0.3 and 10.
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Trend to equilibrium

Fokker-Planck case, ¢ = 1.

5 5
= 0 0
-5 -5

0.25 0.50 0.75 0.25 0.50 0.75 0.25 0.50 0.75 0.25 0.50 0.75
x x x x

FIGURE — Snapshot of the particle distribution function f(t, z, v) in the
(z, v)—phase-plane, at times ¢ = 0, 0.3, 0.6, and 30.
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Trend to equilibrium

Fokker-Planck case, € = 1.

0.96 . .
0.84 —|lff = myMll2, | 10
5 TN e aexp(—1.17t)
Szz — lo* — my e
.6 b 104
=0 0.48
0.36
. 0.24 b 10-8
7 0.12
0.00 -
025 050 0.75 w w T w 10

T

FIGURE — Left : Initial data in the (z, v)—phase-plane. Right : Time evolution of the
weighted L? norm of the difference between f¢ and the global equilibrium.
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Dependency of the hypocoercivity rate wrt ¢

10!
107" A
e=1
10734 g, e c=0.5
10-5 - Yy =01
A e=10"2
1077 4 + e=10"3
10-9 - X e=10"10
e=0
0710 S xR TRy, | aexp(—6.93t)
10~13 4

FIGURE — Comparison of the rate of convergence of ||f — mgM||2,, for different values
of £, in the Fokker-Planck case, with fo uniformly distributed in the (z, v)—phase-plane.
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Conclusion

@ Numerical scheme for a 1D linear kinetic equation.
@ Proof of Asymptotic-Preserving property in the diffusion limit.
@ Adaptation of hypocoercivity method to the discrete setting.
@ Exponential return to equilibrium, uniformly in .

Outlook.

@ Extension to more general linear collision operators ?

@ Coupling with Poisson equation ?

Thank you for your attention!
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