
Stephan Stieberger, MPP München

Single-Valued Multiple Zeta Values 
and String Amplitudes

Workshop "Amplitudes and Periods" 
Hausdorff Research Institute for Mathematics 

February 26 - March 2, 2018



based on:

• St.St.: Closed superstring amplitudes, single-valued multiple 
zeta values and the Deligne associator,                                                                

J. Phys. A47 (2014) 155401,   [arXiv:1310.3259]


• St.St., T.R. Taylor: Closed string amplitudes as single-valued 
open string amplitudes,                                                                        

Nucl. Phys. B881 (2014) 269-287,   [arXiv:1401.1218]


• Wei Fan, A. Fotopoulos, St.St., T.R. Taylor: Sv-map between  
Type I and Heterotic Sigma Models,                                                                        

to appear in Nucl. Phys. B,   [arXiv:1711.05821]


http://arxiv.org/abs/arXiv:1310.3259


• Complex integral on 

• Real iterated integral on  

decomposition of motivic MZVs

single-valued MZVs

Outline

•  Relation:  

J ⇠
Z

CN�3

 
N�2Y

l=2

d2zl

!
Y

i<j

|zi � zj |↵
0sij (zi � zj)

nij (zi � zj)
nij , sij 2 R, nij , nij 2 Z

Z ⇠
Z

x1<...<xN

 
N�2Y

l=2

dxl

!
Y

i<j

|xi � xj |↵
0sij (xi � xj)

nij , sij 2 R, nij 2 Z

J = sv(Z) for given 

(RP1/{0, 1,1})N�3

(CP1/{0, 1,1})N�3

nij

periods: MZVs



CFT

C+

DiskN open strings (Tree−Level)

z z1 2 zNzN−1

time

1

2

N

(N-3)! independent open string amplitudes

A(1, 2, . . . , N ;↵0)



Actually we consider: z1 = 0, zN�1 = 1, zN = 1 due to PSL(2,R) symmetry
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 integrate to Q-linear combinations of MZVs (Brown, Terasoma)  
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F = (N � 3)!⇥ (N � 3)! matrix with rk(F ) = (N � 3)!

F = period matrix of M0,N private discussion with S. Goncharov
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Physics:

F has also physical meaning

A = F AYM
Mafra, Schlotterer, St.St. (2011)

Broedel, Schlotterer, St.St. (2013)

AYM = (N � 3)! dimensional vector encompassing

all independent field-theory YM subamplitudes AYM (�), � 2 SN�3

A = (N � 3)! dimensional vector encompassing

all independent superstring subamplitudes A(�), � 2 SN�3

AYM (�) = AYM (1,�(2, . . . , N � 2), N � 1, N)
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• this form exactly appears in F. Browns decomposition of motivic multiple zeta values 
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• coaction gives rise to factorisation of the amplitude  



 Complex integral on                 (thrice punctered sphere)(CP1)N�3

Construct closed string amplitude:  
need a set of complex world-sheet integrals
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F. Brown (2013): SVMZVs are coefficients of the associator W



Deligne introduced associator W formally as:

with Ihara action � providing formal multiplication rule
on group-like formal power series in e0 and e1

(definition only uses Ihara action)

F (e0, e1) � G(e0, e1) = G(e0, F (e0, e1)e1F (e0, e1)�1) F (e0, e1)
W � �Z = Z

=) W (e0, e1) =
�Z(e0,We1W

�1)�1 Z(e0, e1)

F. Brown (2013):

Drinfeld associator Z:

Deligne associator W:

⇣(e1e
n1�1
0 . . . e1e

nr�1
0 ) = ⇣n1,...,nr

⇣(w1)⇣(w2) = ⇣(w1 w2) and ⇣(e0) = 0 = ⇣(e1)

Z(e0, e1) =
X

w2{eo,e1}⇥

⇣(w) w = 1 + ⇣2 [e0, e1] + ⇣3 ( [e0, [e0, e1]]]� [e1, [e0, e1] ) + . . .

W (e0, e1) = 1 + 2 ⇣3 ( [e0, [e0, e1]]]� [e1, [e0, e1] ) + . . .

W (e0, e1) = Z(�e0,�e01)
�1 Z(e0, e1) =

X

w2{e0,e1}⇥

⇣sv(w) w

SVMZVs are coefficients of the associator W



Deligne introduced associator W formally as:

with Ihara action � providing formal multiplication rule
on group-like formal power series in e0 and e1

(definition only uses Ihara action)

F (e0, e1) � G(e0, e1) = G(e0, F (e0, e1)e1F (e0, e1)�1) F (e0, e1)
W � �Z = Z

=) W (e0, e1) =
�Z(e0,We1W

�1)�1 Z(e0, e1)

F. Brown (2013):

Drinfeld associator Z:

Deligne associator W:

⇣(e1e
n1�1
0 . . . e1e

nr�1
0 ) = ⇣n1,...,nr

⇣(w1)⇣(w2) = ⇣(w1 w2) and ⇣(e0) = 0 = ⇣(e1)

Z(e0, e1) =
X

w2{eo,e1}⇥

⇣(w) w = 1 + ⇣2 [e0, e1] + ⇣3 ( [e0, [e0, e1]]]� [e1, [e0, e1] ) + . . .

W (e0, e1) = 1 + 2 ⇣3 ( [e0, [e0, e1]]]� [e1, [e0, e1] ) + . . .

W (e0, e1) = Z(�e0,�e01)
�1 Z(e0, e1) =

X

w2{e0,e1}⇥

⇣sv(w) w

SVMZVs are coefficients of the associator W



there is a natural homomorphism:
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⇣m 2 H (Brown)

E.g.:

F. Brown (2013):
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 sv-map can also be anticipated at the D=2 sigma models 
describing the world-sheet couplings of open and heterotic strings 

mapping respective interaction terms (or individual Feynman diagrams)
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l = 3
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four-loop l = 4
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Remarks

•sv-map acts on individual graphs

•reformulated perturbation theory

•proposal relies on a “sv-compatible regularization scheme”

(tangential base point regularization)

in terms of identical Feynman diagrams

(associated to individual terms in effective action)



Addon:  coefficients of an associator W:
d

dz
Le0,e1(z) = Le0,e1(z)

✓
e0

z
+

e1

1� z

◆
(reduced) KZ equation:

with generators e0 and e1

of the free Lie algebra g

its unique solution can be given as generating series of multiple polylogarithms:

Le0,e1(z) =
X

w2{e0,e1}⇥
Lw(z) w

with the symbol w 2 {e0, e1}⇥

denoting a non-commutative word
w1w2 . . . in the letters wi 2 {e0, e1}

F. Brown (2004) defines generating series of SVMPs:

Drinfeld associator Z:

Z(e0, e1) := Le0,e1(1) =
X

w2{e0,e1}⇥
⇣(w) w = 1 + ⇣2 [e0, e1] + ⇣3 ( [e0, [e0, e1]]� [e1, [e0, e1] ) + . . .

Le0,e1(z) = L�e0,�e0
1
(z)�1 Le0,e1(z)

e01 determined recursively by fixed–point equation:
Z(�e0,�e01) e01 Z(�e0,�e01)

�1 = Z(e0, e1) e1 Z(e0, e1)�1

Deligne associator W:

W (e0, e1) = 1 + 2 ⇣3 ([e0, [e0, e1]]� [e1, [e0, e1]) + . . . F. Brown (2013)

W (e0, e1) := L(1) = Z(�e0,�e01)
�1 Z(e0, e1) =

X

w2{e0,e1}⇥
⇣sv(w) w

⇣(e1e
n1�1
0 . . . e1e

nr�1
0 ) = ⇣n1,...,nr

⇣(w1)⇣(w2) = ⇣(w1 w2) and ⇣(e0) = 0 = ⇣(e1)

L1 = 1,

Len
0

=
1
n!

lnn z,

Len
1

=
1
n!

lnn(1� z)


